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In a survey of Basidiomycetes for antibacterial activity, Marasmius 
conigenus (No. 6890) was reported to inhibit the growth of Staphylococcus 
aureus when tested by the strip or the “‘hole’’ method.! Dr. W. H. Wilkins 
kindly supplied us with a subculture of this organism with which we 
continued studies. Other species of MJarasmius produce antibacterial 


substances.” * 

When grown on corn steep, thiamine peptone, or potato dextrose agar, 
and tested by the streak method," ° Marasmius conigenus showed in our 
hands marked antibacterial activity against Staphylococcus aureus (H) 
slight activity against Escherichia coli and none for Mycobacterium smegma. 

Considerable activity against Staph. aureus was observed with discs* ® 
cut from fungous cultures grown on the three media. The position of the 
disc in relation to the fungous colony determined the size and character 
of the inhibition zone. The disc cut from the oldest part of the colony 
produced the largest inhibition zone which was clear near the disc and 
surrounded by a zone of partial inhibition. Discs cut at a distance of 20 
mm. from the edge of the fungous colony gave zones of partial inhibition. 
Isolations from these zones have not yielded strains of Staph. aureus re- 
sistant to the antibacterial material from this fungus. 

Antibacterial Activity of Culture Liquids.—The fungus was grown at 
25°C. in 2800-ml. Fernbach flasks containing beech shavings and a corn 
steep medium.’ In about four weeks, when the surface of the liquid was 
about one-hali covered with mycelium, the activity of the culture liquid 
against Staph. aureus was 256 or 512 dilution units per milliliter. Re- 
flooding such mats with fresh medium produced liquids of as high activity 
one week or more after reflooding. The culture liquid from a seven- 
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month old mat had an activity of 256 dilution units per milliliter 19 days 
after reflooding. Although year-old mats still produce culture liquids 
with an activity of 64 dilution units or more, the mats were usually not 
kept longer than five or six months as the increased thickness of mycelium 
made reflooding less practical. Mats were successfully reflooded six times. 

The culture liquid in serial dilution evidenced little activity against 
Escherichia coli and the acid-fast bacteria as represented by Mycobacterium 
phlei and M. smegma. 

The culture liquid lost its antibacterial activity at pH 8.5 and higher 
within an hour at 25°C. For the samples tested, there was no loss of 
activity at pH 3 on boiling for 10 minutes. 

Isolation of a Crystalline Antibacterial Substance-—A white crystalline 
substance with antibacterial activity was isolated from the culture liquid 
of Marasmius conigenus. The procedure followed in the isolation of this 
compound may be illustrated by an example. 

Ten liters of culture liquid with an activity of 64 dilution units per 
milliliter were acidified to pH 2 to 3 with hydrochloric acid and extracted 
twice, each time with one-tenth of its volume of chloroform. The chloro- 
form was separated from the aqueous phase by passage through a de Laval 
separator. The chloroform was evaporated in vacuo to 25 ml. It con- 
tained 1373 mg. of dry matter. It was extracted twice, each time with 
25 ml. of phosphate buffer at pH 5.8. The chloroform solution after 
extraction with buffer contained 1320 mg. of solids with an activity of 512 
dilution units per milligram. The chloroform was removed by distillation 
in vacuo; the solids were dissolved in ether and extracted with 2% sodium 
bicarbonate solution. The bicarbonate removed 974 mg. of solids. The 
bicarbonate solution was acidified and extracted with ether. When the 
ether was evaporated slowly, white crystals mixed with a brown gum 
were formed. The gum was removed by washing carefully with ether. 
The crystals were purified by recrystallization from ether and additional 
crystals obtained from the gummy residue. The yield was 453 mg. of 
crystals which formed long white needles when crystallized from ether, 
dilute aqueous alcohol or acetone, water or ether upon the addition of 
hexane. 

The maximum yield of crystals obtained was 100 mg. per liter of culture 
liquid. We have named this crystalline substance marasmic acid. Our 
observations indicate that culture liquids of 64 to 512 dilution units per 
milliliter all contained approximately the same amount of marasmic acid 
per liter (about 100 mg.). 

Chemical Properties of Marasmic Acid. ~Marasmic acid was very soluble 
in acetone, soluble in ethanol, ether, chloroform and water (1.1 mg./ml. 
at 25°) but insoluble in hexane. 


| 
4 4 


VoL. 35, 1949 BOTANY: KAVANAGH, HERVEY AND ROBBINS 345 


The melting point in an open capillary tube was 165°C. (uncorr.). 
There was a temperature range through which part of the substance 
decomposed and the rest of the crystals dissolved in the melt. Determined 
in a capillary sealed off 7m vacuo, the melting point was sharp at 174-175°C. 
corr. without decomposition; it remelted at the same temperature even’ 
after the second or third melting’ 

The crystals titrated in 30°) alcohol as a monobasic acid with a pK 
of 5.8 and an equivalent weight of 276. Qualitative tests did not indicate 
the presence of nitrogen, sulfur or halogens. 

The quantitative analysis® was: 

Computed for CieHO4 69.6 7.25 


The optical activity of marasmic acid was [a }?? = +176 (1.4% in acetone). 

Marasmic acid in alcohol had absorption peaks in the ultra-violet region 
at from 240 to 242 my with a molecular extinction coefficient « = 10,400 
and at 314-318 my with e = 45.6. In phosphate buffers of increasing 
pH, the position of the main peak was shifted slightly toward the red and 
the extinction decreased. In pH 1.45 and 3.52 phosphate buffers, the peak 
was found at 245 mu and e = 11,400; in pH 5.40 buffer at 246 and « = 
10,400; in pH 7.0 buffer at 248 my and « = 8900; in pH 8.8 at 248 my 
with « = 8400, and in pH 11.0 buffer at 260 my with e = 3900. Marasmic 
acid in the three most acid buffers had isobestic points at 230 and 255 mu. 
There were no isobestic points at pH 7 and higher, indicating that a change 
in the light absorbing groups took place. 

The positions of the peaks and the absorption coefficients is the same 
as that of several a,8-unsaturated ketones? in which the double bond is 
conjugate to the carbonyl group. 

Marasmic acid reduced Fehling’s reagent slowly in the cold and rapidly 
when heated. Ammoniacal silver nitrate was not reduced at room tem- 
perature but was reduced when boiled. When marasmic acid and hy- 
droxylamine hydrochloride were mixed, there was no change in pH sug- 
gesting that the two substances did not react. Bromine in carbon tetra- 
chloride did not add. Marasmic acid reduced cold potassium permanga- 
nate in sodium carbonate solution but not in cold acid solution. The acid 
did not give a color reaction with alcoholic ferric chloride, thus indicating 
that it probably is not a phenolic compound or an e@-hydroxy acid. Maras- 
mic acid reacted after a few seconds with alkaline nitroprusside to give a 
reddish color which became a very pale gray green when the solution was 
acidified. It formed an orange colored 2,4-dinitrophenylhydrazone with a 
corrected melting point of 136° to 138°C. 

The reactions given above indicate that marasmic acid is unsaturated, 
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contains a carbonyl group, and probably a carboxyl group, and changes 
at high pH so that increased reducing power results. 

Marasmic acid added one molecule of cyanide for each equivalent of 
acid when the reaction (Kiliani) was conducted in 0.1 N acetic acid solu- 
tion.s The 2,4-dinitrophenylhydrazones of marasmic acid and mesityl 
oxide had similar absorption bands in the near ultra-violet with the peak 
at 375 mp when measured in alcohol. When the optical densities of the 
two dinitrophenylhydrazones were compared at 375 mp on a molecular 
basis, the one from marasmic acid absorbed 1.12 times as much as the one 
from mesityl oxide, indicating that marasmic acid probably has one 
carbonyl group per equivalent weight. 

A sample of marasmic acid was dissolved in four equivalents of 0.1 NV 
sodium hydroxide, incubated at 37°C. for 2 hrs., and then back titrated 
with hydrochloric acid. The alkaline solution had a yellow color which 
disappeared as the solution became acid. ‘There was no evidence for a 
second hydrogen, thus indicating the absence of a lactone ring. 

Marasmie acid is not a methyl ketone or a 8,y-unsaturated lactone as 
judged by the slowness of the nitroprusside reaction.° 

One equivalent of marasmic acid reacted with one molecular weight of 
cysteine as judged by the disappearance of the nitroprusside test for sulf- 
hydryl. The reaction occurred within 2 hrs. at 37°C. and pH 6. 

Marasmic acid was converted in alkaline solution in a short time into 
a product or products with chemical properties different from those of 
marasmic acid. The solution prepared by allowing marasmic acid to 
stand in about 0.1 N alkali for an hour and neutralizing, reacted imme- 
diately with nitroprusside to give a red color which faded to amber color 
within a minute or two. The 2,4-dinitrophenylhydrazone prepared from 
the solution did not crystallize from alcohol, chloroform, ether or benzene. 
The ultra-violet absorption spectrum of the alkaline-treated marasmic 
acid showed general absorption without a pronounced peak. 

The reaction of marasmic acid with Fehling’s solution, alkaline per- 
manganate and nitroprusside, may depend upon conversion by alkali into 
the more reactive substance or substances referred to above. 

On standing for a longer time in alkaline solution, the reactivity with 
nitroprusside was lost, indicating further change. 

The behavior of marasmic acid suggests that it may be an a,-un- 
saturated ketone which shifts in alkaline solution so that the double bond 
is not conjugated with the carbonyl double bond. 

Antibacterial Activity of Marasmic Acid.--The antibacterial and anti- 
luminescent activities of the neutralized crystalline material were measured 
by the methods in use in this laboratory.'° The results are given as the 
minimum concentration in micrograms per milliliter for inhibition of 
growth or luminescence. 
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ANTIBACTERIAL ACTIVITY 
Bacillus subtilis... 
Escherichia coli......... 
Klebsiella pneumoniae ...128 (64 partial) 
Mycobacterium smegma . 32 
Photobacterium fischeri 0.016 
Pseudomonas aeruginosa.......... .....250 (128 partial) 
Staphylococcus aureus......... 


ANTILUMINESCENT ACTIVITY 


Effect of Blood.—Marasmic acid was incubated with blood and the 
residual antibacterial activity determined for Staph. aureus. Human 
blood was diluted ten times in beef extract medium containing 0.7% 
sodium chloride. One milliliter of neutralized solution of marasmic acid 
was added to 1 ml. of the diluted blood, incubated for 3 hrs. at 37°C. 
centrifuged, and the antibacterial activity of the supernatant liquid 
determined by serial dilution. A control was diluted in beef extract 


medium without blood and incubated simultaneously. The activity of 
penicillin G, streptomycin and chloromycetin did not decrease on incuba- 
tion with blood; the activity of marasmic acid was decreased. The 
greater the proportion of blood to marasmic acid, the greater was the 
decrease in activity. 

Antifungal Activity—The antifungal activity'! of marasmic acid was 
measured by serial dilution in a peptone medium” at pH 6 using spore 
suspensions of the fungi. Trichophyton was incubated at 30°C.; the 
others at 25°C. The tests were read after from 42 to 48 hrs. incubation. 
The activity reported is the minimum inhibitory concentration in micro- 
grams per milliliter; p = partial inhibition. 


ORGANISM ACTIVITY 
Aspergillus niger .. 32 (16 p) 
Chaetomium globosum (USDA & 
Gliomastix convoluta (PQM D4c) : .250 (8-128 p) 
Memmnoniella echinata (PQMD1c) Gq 
Myrothecium verrucaria (USDA 1334.2) ash 
Penicillium notatum (832) .. 32 (16 p) 
Phycomyces Blakesleeanus (+ strain) anid 16 (8 p) 
Saccharomyces cerevisiae (188) 
Stertphylium consortiale (PQMD41b). .. . 128 (64 p) 
Trichophyton mentagrophytes....... ish 
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Animal Toxicity. Toxicity for mice was determined by injecting 0.5 
ml. of neutralized marasmic acid made up in 0.7% sodium chloride solution 
into a tail vein of Carworth Farms CF1 male white mice. Each treatment 
group contained five mice. Four of the mice that received 32 mg./kg. 
in a single dose died within 3 days. All of the mice that received 16 
mg. kg. were alive 30 days later. The LD50 lies somewhere between 16 
and 32 mg./kg. 

The high toxicity and the inactivation by blood militate against the 
possible therapeutic usefulness of marasmic acid. 

Additional Antibacterial Substances.—The existence of additional anti- 
bacterial substances in the culture liquid of Jarasmius conigenus was 
suggested by some of our observations. 

The chloroform extracts of some lots of culture fluid were more active on 
a milligram basis than marasmic acid. For example, a spectrophotometric 
analysis of a chloroform extract indicated a maximum of 78°; marasmic 
acid. The activity of this extract against Staph. aureus was 6 times that 
of an equal weight of crystalline marasmic acid. Five other strains of 
Staphylococci were from 4 to 32 times as sensitive to the material in the 
extract as to an equal concentration of marasmic acid. However, the 
activity for other bacteria tested was no different from that of marasmic 
acid. It appeared, therefore, that the culture liquid contaitied a factor 
to which Staphylococci were especially sensitive. 

The antistaphylococcus factor was found in only four of 13 lots of culture 
liquid examined. Two of the lots of culture liquid assayed 64, one 256, 
and one 512 dilution units per milliliter against Staph. aureus. The con- 
centrates containing the antistaphylococcus factor were all prepared from 
solutions in which the fungus had been grown from the inoculum; the 
factor was not observed in solutions from flasks that had been reflooded. 
The antistaphylococcus factor was destroyed by heating a dry fraction in 
an oven for 3 hrs. at 100°C. Marasmic acid was unaffected by this 
treatment. The antistaphylococcus factor was not affected by air drying 
overnight nor by bringing it to a boil in a solution of pH 2 to3. Incubation 
with blood reduced the activity of the antistaphylococcus factor. 

A further series of observations suggested that Jarasmius conigenus 
may produce a third antibacterial substance. Chloroform removed all 
or nearly all the antibacterial activity from the various lots of acidified 
culture liquid as indicated by tests on the aqueous phase after extraction. 
However, the proportion of original activity of the culture liquid present 
in the chloroform extract varied with different lots from 3 to 100°7%. We 
did not determine the cause for this variability. It seems improbable 
that loss or destruction of either marasmie acid or the antistaphylococcus 
factor accounts for the variability in recovery of antibacterial activity in 
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the chloroform extracts, and, therefore, a third less stable substance may 
have been present. 


* This investigation was supported in part by grants from The Commonwealth Fund 
and the Albert H. & Jessie D. Wiggin Foundation. 
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CHROMOSOME SEGREGATION IN) MAIZE TRANSLOCATIONS 
IN RELATION TO CROSSING OVER IN INTERSTITIAL 
SEGMENTS* 
By C. R. BuRNHAMt 
CALIFORNIA INSTITUTE OF TECHNOLOGY AND THE UNIVERSITY OF MINNESOTAt 
Communicated by G. W. Beadle, May 23, 1949 


In maize, the second meiotic division in the microsporocytes results in a 
quartet of four microspores in which it is possible to distinguish the two 
division planes. In normal material, the prominent feature of these 
spores, as revealed by acetocarmine smears, is the single nucleolus. In 
translocations involving chromosome 6 which carries a nucleolar organizer 
region, non-disjunction may result in spores with two nucleolar organizers 
(potentially two nucleoli), or with no organizer (nucleolar material remains 
scattered or diffuse) in the same quartet. By this method, McClintock? 
established the fact that the chromosomes which crossover in an inter- 
stitial segment (between the centromere and the translocation break) pass 
to opposite poles. 

A further relation between chromosome segregation in such maize 
translocations and the frequency of crossing over in an interstitial segment 
has been reported in abstracts." 2 This is a report of additional studies of 
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FIGURE 1 


Pachytene diagram of a 5-6 translocation heterozygote with the break in chromo- 
some 6 (solid line) in the short arm, that in 5 (dotted line) in the long arm, b and a 
being the interstitial segments in the respective chromosomes. The satellite and next 
to it the nucleolar organizer region (stippled) are shown at the end of the short arm 
of chromosome 6. The clear circles represent the centromeres, the dense ones the 
pycnotic knobs. 


TABLE 1 


SPORE QUARTET TYPES FROM A TRANSLOCATION HETEROZYGOTE WITH THE BREAK IN 
THE SHORT ARM OF CHROMOMOSOME 6 


The figures 0, 1, 2 in the body of the table refer to the quartets containing no, one, 
and two spores with diffuse nucleolar material. The ‘‘no diffuse’? may have four 
normal or four abortive spores, the latter indicated as (ab) in the table; the “two 
diffuse’ have four abortive, and the ‘‘one diffuse’? has two normal and two abortive, 
except a few cases where all four abort, indicated by (ab). 


ORGANIZER SPORE QUARTET TYPES AFTER 
EVENTS IN INTERSTITIAL MAKE-UP OF 
SEGMENTS CHROMATID PAIR ALTERNATE ADJACENT 1 ADJACENT 2 
No crossover in a or } os ae 0 2 0 (ab) 
Single crossover in or 1 1 (ab), 1 (ab) 
Single crossovers in a and 0:2. 0 (ab), 2, 
Double crossover in a or } 
2-strand 0 2 0 (ab) 
3-strand o. im 1 1 0 (ab), 1 (ab) 
4-strand 5 -- 2 0 0 (ab) 
* Crossover chromatids, see note at end of paper. . = organizer, - = its absence. 


} Ratio of 1:1:2in each. Here in the two-diffuse type the two diffuse spores are on 
opposite sides of the division I plane, and in the one-diffuse type the two abnormal 
spores are on the same side. In the other lines of the table, the two diffuse spores are 
on the same side and in the one-diffuse quartet the two abnormal ones are on opposite 
sides of the division I plane. 
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chromosome segregation in maize translocations involving chromosome 6, 
the detailed data to be published elsewhere. The ultimate objective is to 
determine why chromosome segregation is directed (i.e., largely alternate) 
in certain species and not in others. 

The results differ, depending on whether the break in chromosome 6 is in 
the long arm or in the short arm between the centromere and the nucleolar 
organizer. The theoretical results for a translocation with the break in 
6 in the short arm will be considered first, followed by the experimental 
data. 

The pachytene configuration in a translocation heterozygote with one 
break in the short arm of 6 between the centromere and the nucleolar 
organizer is shown in Fig. 1. Alternate or adjacent chromosomes in this 
complex may pass to the same pole, the latter being of two types—adjacent 
1, in which homologous centromeres pass to opposite poles at division I, 
and adjacent 2 in which they pass to the same pole. When no crossing 
over has occurred in the interstitial segment, adjacent 1 brings about 
non-disjunction of the translocated pieces including the nucleolar organ- 
izers; adjacent 2 brings about non-disjunction of the non-translocated 
pieces. Unless stated otherwise, the crossovers referred to in this paper 
are the cytological ones occurring in interstitial segments. Crossovers 
in other segments Co not change the quartet types or the pollen abortion. 

The theoretically expected spore quartet types with and without crossing 
over in the interstitial segments are listed in table 1. The second column 
of this table shows the nucleolar organizer constitution of the chromatid 
pairs (sister centromeres) after crossing over, i.e., before orientation. Ref- 
erence to this column should facilitate determining the quartet type 
resulting from each kind of segregation. With no crossing-over, alternate 
as well as adjacent 2 segregation results in a ‘‘no diffuse’ spore quartet, 
the former with four normal or functional spores, the latter with four 
abortive ones, the two being indistinguishable cytologically, while adjacent 
1 segregation results in the ‘‘two-diffuse’’ type in which the four spores are 
expected to be abortive (two spores have potentially two nucleoli, two have 
diffuse nucleolar material). A single crossover or a 3-strand double 
followed either by alternate or by adjacent 1 segregation results in the 
“one diffuse,’ also termed a ‘‘crossover-type’’ quartet, expected to have 
two functional (one nucleolus each) and two abortive (one with potentially 
two nucleoli, one with diffuse nucleolar material) spores. Adjacent 2 
segregation following these crossovers is not expected since the evidence 
indicates that chromosomes that cross over pass to opposite poles. If 
it did occur, a “‘no-diffuse’’ and a ‘‘one-diffuse’’ type of spore quartet would 
be expected, but the two abnormal spores in the latter are on the same side 
of the first division plane. The absence of this class in a translocation with 
only one interstitial segment furnished the evidence that chromosomes that 


\ 


352 GENETICS: C. R. BURNHAM Proc. N. A. S. 


cross over pass to opposite poles. Simultaneous crossing over in both 
interstitial segments gives rise to the three quartet types following each of 
the three kinds of segregation (table 1). Consequently, to determine 
segregation types by this method it is necessary to use translocations in 
which these simultaneous crossovers are infrequent, i.e., at least one seg- 
ment genetically short, or if both are long, to have a genetic measure of the 
amount of simultaneous crossing over. 

The three available translocations in which one break was in the short 
arm of chromosome 6, were: T2-6a (2L.42?, 682), T6-10b (68.5, 10L.58), 
and T5-6e (5L.S9, 680.0). In T5-6e the break in 6 was adjacent to the 
centromere, so that there is no interstitial segment in chromosome 6, while 
in the other two translocations it is not long enough to give much crossing 


TABLE 2 
SUMMARY OF SPORE QUARTET AND POLLEN STERILITY DATA AND FREQUENCIES OF 
CHROMOSOME SEGREGATION TYPES IN PLANTS HETEROZYGOUS FOR TRANSLOCATIONS 
HAVING ONE BREAK IN THE SHORT ARM OF CHROMOSOME 6; THE First THREE WITH 
SHORT INTERSTITIAL SEGMENTS, THE LAST WITH ONE VERY LONG. 


POLLEN ABORTION 


--OBSERVED-— TION IN NON CROSSOVER 
TRANSLOCATION NO TWO ONE PARTLY PRE- QUARTETS ADJA- ADJA- 


HETEROZYGOTE TOTAL DIFFUSE DIFFUSE DIFFUSE TOTAL FILLED DICTED ALTERNATE CENT 1 CENT2 


T5-6e Inda 
= 7189 «661.7 27.8 10.6 50.5 18.1 33.0 49.4 31.0 19.6 
+ Inda 
T2-6a 
T6-10b 


2374 76.6 18.1 5.3 42.9 ae 20.7 58.0 22.4 19.7 
T5-te 


4229 20.3 17.9 62.8 48.1 22.1 49.3 
* These classes cannot be determined, 


over since this arm of 6 is very short. The break in T2-6a is in the short 
arm but the exact point was not determined. The interstitial segment in 
the other chromosome of these translocations differed in length. An 
inversion in chromosome 5 (In5a-S0.0-L.67) served to shift the position 
of the centromere in chromosome 5. By crossing a stock homozygous for 
T5-6e and Inda with one homozygous only for In5a, plants were produced 
which were homozygous for In5a and heterozygous for T5-6c. In these 
plants, due to the shift in centromere position, the interstitial segment in 
chromosome 5 is short (a length equal to 0.22 of the long arm). In those 
heterozygous for T5-6e and not carrying the inversion that segment is 
long (0.89 of the long arm). In both T5-6e/+ stocks the relative lengths 
of the two axes and the lengths of the translocated pieces remain the same. 

The frequencies of the different spore quartet types were determined 
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cytologically (in all but the early studies, without reference to division 
planes) and from them the expected degree of pollen abortion was cal- 
culated. The amount by which the observed pollen abortion exceeded 
the calculated was used as a measure of the frequency of adjacent 2 segre- 
gation. The data for each translocation are based on at least two plants 
and two slides for each, each slide made from one anther from different 
florets. The counts on the pollen to determine the percentages of abortion 
were made on the same plants. The spore quartet and pollen abortion 
data and the calculated segregation frequencies for these translocations are 
summarized in table 2. Comparison shows the first three stocks have 20 
to 26° of adjacent 2 segregation while the last one, T5-6c/+, has none. 
In the latter, the observed pollen abortion was actually: higher than that 
predicted from the cytological count of the spore quartets. In the first 
three, the percentages of crossover-type quartets were low, 10.6, 5.3 and 
1.1, respectively, while in the latter it was high, 62.8°;. This indicates 
a close relation between the length of the interstitial segment, in terms of 
cytological crossing-over, and chromosome segregation, 1.e., low crossover 
is accompanied by frequent adjacent 2, high crossover is accompanied 
by little or no adjacent 2 segregation. In the stock with 62.8% of cross- 
over-type quartets, there was probably a considerable amount of double 
crossing-over and some higher multiples. If as much as 15% doubles 
occurred, practically all the tetrads would have had one or more crossovers 
in the interstitial segment, using Weinstein’s®’? and Sax’s® method of cal- 
culation. The absence of adjacent 2 segregation is then expected since 
chromosomes that cross over pass to opposite poles. Adjacent 2 segrega- 
tion could occur only in those with no such crossovers. A comparison of 
the results for the two T5-6c + stocks is especially convincing since in 
these the lengths of the translocated pieces remained the same, the 
difference being in the length of the interstitial segment. The differences 
in segregation, 200% of adjacent 2 in one, none in the other, were achieved 
in spite of very unequal axes lengths and no change in the lengths of axes 
or of the translocated pieces. In an earlier report! the differences were 
supposed to be the result of a centromere effect. It now seems probable 
that they are the result of the relation between crossing-over in the inter- 
stitial segment and disjunction, centromere position being incidental in 
determining the length of that segment, but still important in that it may 
initiate the separation of the crossover chromosomes. Although probable 
in corn, there is no proof in this study that alternate and adjacent 1 segre- 
gations following these crossovers are equally frequent, hence the fre- 
quencies of alternate and adjacent 1 segregations are not calculated for 
T5-6e/+ in table 2. 

In those translocations with a low frequency of crossover-type quartets, 
the two-diffuse class represents the frequency of adjacent 1 segregation 
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since double crossovers probably were lacking. The frequency of quartets 
from alternate segregation is the difference between the total of the no- 
diffuse class and those from adjacent 2. From the segregation frequencies 
calculated on this basis, for the first three stocks in table 2 it will be noted 
that alternate segregation is roughly 50°%, adjacent 1 and 2 segregations 
making up the other 50%. In other words, adjacent 2 segregation is 
probably at the expense of adjacent 1. 

Translocations with one break in the long arm of chromosome 6 were 
also studied. In these, only two quartet types can be recognized cyto- 
logically, no-diffuse and two-diffuse, the latter following adjacent 2 segre- 
gation with or without crossing-over in the interstitial segments. Here 
when there is little crossing-over, the difference between observed and 
predicted pollen abortion measures the frequency of adjacent | segregation. 
Segregation of three chromosomes of the ring to one pole and one to the 
other, resulting in 2 + 1 and m — 1 spores, also are expected (part of them) 
to result in the two-diffuse spore quartet, offering some difficulty. Usually 
its total frequency is not expected to be higher than about 5°). For ten 
such translocations with short interstitial segments, adjacent 2 segregation 
ranged from 14 to 360), the average for the entire group being 25%. 
Where counts could be made, pollen abortion was about 50°) in this 
group, this representing the total of the two types of adjacents. For 
eight translocations in, which either or both interstitial segments were 
probably long enough for a high frequency of crossing-over (breaks at 0.6 
or greater in the longer chromosomes and 0.7 or greater in the shorter 
ones), the average was 5.4°% of adjacent 2 segregation. One, T6-Sa with 
17.4), appears to be an exception. However, another T6-8, (D1), with 
breaks at about the same points had only 1.10% of adjacent 2. Some 
unknown factor seems to have been operating in T6-Sa. With this one 
exception, the relationship appears to be that when the interstitial segments 
are short, both types of adjacents occur with relatively high frequencies, 
not always equal but their total is roughly 50°). When one or both 
interstitial segments are long, adjacent 2 segregation is low in frequency. 

Chromosome segregation was studied also in plants heterozygous for 
translocations having one break in the satellite of chromosome 6 and 
which, therefore, always form a chain of four chromosomes. Two were 
studied which have short interstitial segments, T1-6b and T5-6b, and one, 
T3-6b, with one long interstitial segment. In the first two there was less 
than 1°) of adjacent 2 segregation, and in the latter none. This result, 
therefore, differs from that for the ring-forming translocations since in 
them, those with short interstitial segments had a relatively high frequency 
of adjacent 2 segregation. In T5-6c/+ which has one long interstitial 
segment, 30.60% of chains were observed at diakinesis, and no measurable 
adjacent 2 segregation. The evidence from these translocation hetero- 
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zygotes indicates that adjacent 2 segregation from chains is infrequent 
whether the amount of crossing-over in the interstitial segment is low or 
high. Adjacent 2 segregation, therefore, occurs rarely except in rings in 
which no crossing-over has occurred in the interstitial segments. 

Discussion and Summary.——In maize translocation heterozygotes which 
form rings and have short interstitial segments (low crossover frequency), 
alternate segregation occurs in about 50% of the meiocytes. In them, 
both types of adjacent segregations occur, not always with equal frequency 
but the total is roughly 50%. In those with interstitial segments long 
enough to permit a high crossover frequency there is little or no adjacent 
2 segregation. The segregation in rings differs greatly from that in chains. 
In chains, there is little or no adjacent 2 segregation whether the inter- 
stitial segment is long or short (in terms of crossing-over). 

There is, therefore, no evidence of any directed segregation in the maize 
translocations studied, even with greatly different break positions. This, 
together with Catcheside’s observations’ that segregation is directed even 
in unequal translocations produced by x-raying an Oenothera race with 
seven pairs suggest that directed segregation may be genetically controlled. 
Even in a species homozygous for such a genotype, translocations with long 
interstitial segments should have considerable sterility as a result of 
crossing-over in those segments, reaching 50°) as a possible maximum. 
According to the literature, the translocations that have survived in 
Oenothera are those with short interstitial segments. These, therefore, 
would have low sterility from that source. A search for genes in maize 
affecting segregation is being made by crossing stocks of widely different 
origin with translocations having short interstitial segments. 
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to this paper as mine was being completed), and Kramer and Hanson (Genetics, in press) 
have pointed out that chromatids resulting from single crossovers in the interstitial 
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segment are recovered only when adjacent 1 segregation occurs, and are lost following 
alternate segregation. This may be seen by referring to column 2 of table 1 in which 
the crossover chromatids are marked with an asterisk. The results of multiple cross- 
overs are not indicated. In species with more alternate than adjacent 1 segregation, 
genetic crossing-over in this region will be reduced. My conclusions in this paper are 
based on frequencies of cytological crossing-over, and consequently are not altered by 
these relations. 
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Within recent years we have come to realize that the concept of cosmo- 
politan land floras during past ages is not substantiated by the fossil record 
of the Tertiary period. Similar floras may be recognized over a wide 
range in latitude, but differences in their age are always apparent. We 
now interpret their shifting positions during later geologic time as resulting 
from migrations largely inductd by changes in climate. Varying distance 
from the equator seems always to have involved sufliciently great 
differences in temperature to leave its impress on land vegetation. During 
periods of submergence, when there was wide circulation of winds and 
ocean currents, more uniform climates appear to have characterized broad 
areas of the earth; but even at such times the fossil record shows marked 
differences in forest composition from south to north. 

Major units of living vegetation, although largely confined to latitudinal 
zones, show at their borders a tendency to merge into one another. We 
may draw forest boundaries on a map with a firm hand, but in nature such 
lines are commonly blurred. A similar overlapping of floras may be 
observed in the records of past vegetation. Transitional occurrences of 
this sort, past and present, are known as ecotones; since they are largely 
a function of temperature they extend along the parallels, bending south- 
ward along mountain ranges in the northern hemisphere, and north on 
windward shores, Ecotones provide a critical basis for determining the 
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tolerance range of species and groups of plants. When they are recognized 
in vegetation of the past they provide much-needed information regarding 
former environments; this is particularly the case with Tertiary floras, 
in which the general composition of modern plant groups was already well 
established, permitting an accurate comparison with existing vegetation. 
I shall consider here three of the ecotones in the older Tertiary of western 
North America which have been reviewed recently in connection with my 
studies of Metasequoia. Other ecotones of this age and younger are 
available for study in many parts of the northern hemisphere. 

The older Tertiary floras of western North America may be assigned to 
two groups on the basis of their climatic indications. The first of these is 
a subtropical assemblage made up predominantly of broad-leafed ever- 
green angiosperms whose living equivalents occupy regions in which 
freezing temperatures are seldom if ever recorded; palms and cycads are 
represented by a few species which may be abundant; conifers are rare 
or absent. This forest occupied a zone from California north to Washing- 
ton on the Pacific Coast, and from New Mexico to Colorado in the interior. 
Because of its apparent origin in low American latitudes, it is known as the 
Neotropical-Tertiary Flora. The second major group is a temperate 
assemblage made up predominantly of broad-leafed deciduous angiosperms, 
and of conifers both deciduous and evergreen; palms and cycads have not 
been recorded. This forest occupied a zone in Alaska northward beyond 
the Arctic Circle, extending into the Mackenzie Basin of Canada.  Evi- 
dence of distribution farther eastward has been destroyed by Pleistocene 
glaciation, but its former occurrence across northern Canada is suggested 
by the records of similar plant fossils in the Eocene rocks of Greenland, 
Spitzbergen and arctic Siberia. Because of its wide development at high 
northern latitudes, this assemblage is known as the Arcto-Tertiary Flora. 
It lived in a region of summer rainfall and winter cold, as judged by the 
habits of related living trees. 

Two aspects of early Tertiary zoning may here be noted. In the first 
place, the zones were located approximately 20 degrees north of areas where 
vegetation of similar kinds is now found; it has been concluded that 
climate at the beginning of the Tertiary period was characterized by much 
higher temperatures than those prevailing today at corresponding latitudes, 
with an absence of severe frost as far north as northern Washington (48° 
N. Lat.).! Second, the zones extend to a higher latitude on the Pacific 
border than in the interior; this is interpreted as indicating that as far 
back as Eocene time the Pacific shore was at approximately its present 
position, with temperatures moderated by the ocean along the coast, and 
with continental climate at the interior.* 

In the areas between these two major zones of vegetation there is a record 
of a forest made up largely of temperate trees. Living with them were 
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several members of the subtropical forest which appear to have made their 
way northward beyond the range of occurrence of most of their associates, 
during the relatively mild days of the early Tertiary. This ecotone is best 
developed in southeastern Alaska, on Kupreanof Island at latitude 56 to 
57 degrees north. Here is the typical Kenai flora, as described by Hollick 
from 55 localities in Alaska, including such temperate trees as redwood 
(Metasequoia), katsura (Cercidiphyllum), birch (Betula), alder (Alnus), 
hazel (Corylus), hornbeam (Carpinus), chestnut (Castanea), oak (Quercus) 
and elm (Ulmus).* Immediately associated, and often on the same slabs 
of rock, are the leaf impressions of several members of the Neotropical- 
Tertiary Flora; these include two genera of eycads (Dioon and Cerato- 
zamia), a fan palm (Flabellaria), laurels of the avocado (Persea) and lance- 
wood (Ocotea) type, magnolia (Magnolia) and catm6én (Dillenia). This 
is the farthest north occurrence of the Neotropical-Tertiary Flora. 

In the Rocky Mountains of southern Saskatchewan, and in Montana 
and North Dakota, there is a similar mingling of northern with southern 
trees. Oak, chestnut, elm and birch occur with cycads, palm, magnolia, 
fig and laurels. Metasequoia is the common conifer of this forest of the 
Fort Union formation, with an age somewhat older than the Alaska flora.* 

The modern occurrence.of Metasequoia in a restricted area in central 
China shows a striking resemblance to these ecotones of the early Tertiary.® 
Here Metasequoia is growing in immediate association with birch, chestnut, 
katsura and other Arcto-Tertiary genera, as well as with palm, magnolia 
and laurels, trees commonly found in the Neotropical-Tertiary and Paleo- 
tropical-Tertiary Floras. The similarity of this living forest to the fossil 
floras of southeastern Alaska, Saskatchewan and Montana is so close as to 
demonstrate the survival of this subtropical-temperate ecotone for several 
scores of million years with only slight modification. There is one signifi- 
cant difference: the modern Metasequoia ecotone shows an altitudinal 
relationship, between the subtropical trees at lower levels and the temperate 
trees of the highlands; the Metasequoia ecotones of the early Tertiary 
show a /atitudinal relationship between trees of subtropical and temperate 
zones. 

Since the fossil record rarely includes the remains of upland forests, 
altitudinal ecotones like that of central China will not often be encountered. 
For a number of years we have known of a mixture of subtropical with 
temperate trees in the Eocene Clarno flora of the John Day Basin of 
Oregon.® Here, in a region whose older Tertiary floras are typically of a 
subtropical type, has been found a florule combining birch, elm and oak 
with Mallotus, Cedrela and other trees now limited to low latitudes. This 
is the best known fossil occurrence of an altitudinal ecotone, and again its 
most conspicuous member is Metasequoia. 

We may conclude from the plant record of the Tertiary period that 
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Metasequoia has long been a member of the forest of the temperate zone, 
and has commonly ranged southward into latitudinal ecotones with the 
forests of the subtropical zone. During the Eocene epoch this conifer 
extended still farther south in the uplands, where it lived in an 
altitudinal ecotone bordering the Clarno flora of the John Day Basin. 
It has survived in the high valleys of central China under conditions 
which seem to resemble closely its Tertiary environment in Oregon. The 
modern occurrence of \Jetasequota glyptostroboides in the mixed deciduous 
and evergreen forest of Szechuan and Hupeh therefore becomes a key to our 
understanding of many forests of the past in which this deciduous conifer 
was a member of similar ecotones. 


' Chaney, R. W., Ecol. Mon., 17, 144, 146 (1947). 

2? Chaney, R. W., Bull. Geological Survey Soc. Am., 51, 481-486 (1940). 

3 Hollick, A., U. S. Geol. Survey, Prof. Paper 182 (1936). 

* Study of the flora of the Fort Union formation is now being completed by R. W. 
Brown of the U. S. Geological Survey, to whom acknowledgment is due for generic 
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THE DISSOCIATION ENERGY OF CARBON MONOXIDE AND 
THE HEAT OF SUBLIMATION OF GRAPHITE 


By LINUS PAULING AND WILLIAM F. SHEEHAN, JR. 


GATES AND CRELLIN LABORATORIES OF CHEMISTRY, CALIFORNIA INSTITUTE OF 
TECHNOLOGY * 


Communicated May 5, 1949 


For a number of years there has existed doubt about the value of the 
dissociation energy of carbon monoxide and about the heat of sublimation 
of graphite, a directly related quantity. The most popular values for the 
dissociation energy of carbon monoxide are 9.144 electron-volts, suggested 
by Herzberg! on the basis of predissociation phenomena in band spectra, 
9.61 e. v., suggested by Hagstrum and Tate?’ on the basis of electron impact 
experiments (or the value 9.85 e. v. derivable from predissociation data*), 
and 11.11 e. v., suggested by Gaydon and Penney‘ from an analysis of 
spectroscopic data. These values together with thermochemical data 
lead to the values 124.9, 141.4, and 170.3 keal./ mole, respectively, for the 
heat of sublimation of graphite. Strong evidence for the last of these 
values has been presented by Brewer, Gilles, and Jenkins,‘ who have 
reported 170.4 kcal./mole from a direct experimental determination. The 
value has, however, been criticized by other investigators,® 7 and has been 
defended by Brewer.* 
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In this paper we communicate an argument which indicates that the 
high values of about 170 keal./mole for the heat of sublimation of carbon 
to Cy)(*P) and 11.11 e. v. for the dissociation energy of carbon monoxide 
are not correct, and which leads instead to the values 140 keal./mole and 
9.77 e. v., respectively. 

The argument is based on the postulate that the linear extrapolation of 
the vibrational levels for the lower vibrational states of a molecule (a linear 
Birge-Sponer extrapolation) leads to an energy value corresponding to the 
dissociated atoms in a hypothetical electronic state called the valence 
state. Anatom in the valence state, as defined in this paper, is an isolated 
atom with the same electronic structure as that which the atom has in the 
molecule under consideration. It is the state that would result if the 
atoms in the molecule were to be pulled apart without change in the 
electronic structures that exist in the molecule in the lower vibrational 
levels of the lower electronic state. The wave function fér the valence 
state of an atom may of course be formed by linear combination of those 
for its spectroscopic states, and the energy of the valence state is somewhat 
higher than that of the normal spectroscopic state, by an amount, the 
valence-state energy, that is reasonably constant for a given atom from 
molecule to molecule.” 

The valence-state energy of the oxygen atom has been evaluated as 
0.74 + 0.05 e. v.'!° A rough value for the valence-state energy of nitrogen 
can be calculated from spectroscopic data for the three low-energy levels 
of the atom, all based on the configuration 2s*2p*. These levels, 4S, °D, 
and have energy values F°, F° 25 F°,and F° — 15, 25 respectively, 
according to simple spectroscopic theory. The states "DP and °P are 
observed to lie at energies 2.38 e. v. and 3.57 e. v. above the normal state 
‘S. These values are not in the ratio 3:5 given by the simple theory, 
and accordingly there is uncertainty as to the value of the resonance in- 
tegral F*. The normal valence state of nitrogen to the extent that it is 
based on the normal configuration 2s*2p* is the state in which each of three 
electrons occupying separate p orbitals has its spin oriented independently 
of the other two electrons, the corresponding energy being F° — 21/50 F°. 
Because of the uncertainty in the value of /°, the energy of the valence 
state cannot be predicted precisely. If the ‘S level is considered to be 
depressed by resonance with a similar state based on an excited configura- 
tion of the atom the valence-state energy would be calculated to be 1.39 
e. v., Whereas if the *P level is considered to be depressed by resonance the 
valence-state energy would be 1.19 e. v. A value somewhat larger than 
either of these values might be expected to result from contributions of 
higher spectroscopic states to the valence state. 

A more reliable value for the valence-state energy of the nitrogen atom 
can be obtained from the consideration of nitric oxide. The energy of 
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dissociation of the normal nitric oxide molecule to a nitrogen atom and an 
oxygen atom in their valence states is found by linear extrapolation of the 
low-lying vibrational levels to be 7.57 e. v. If we subtract from this 
quantity the sum of the valence-state energy of oxygen, 0.74 e. v., and that 
of nitrogen, approximately 1.5 e. v., the dissociation energy Dp is pre- 
dicted to be approximately 5.6e. v.. This argument hence favors the value 
Dy = 5.29 e. v. proposed by Mulliken!’ and supported by Wulf!* and 
Hagstrum,'* rather than the value 6.49 e. v. supported by Gaydon." 
If we accept the value 5.29, the valence-state energy of the nitrogen atom 
is calculated to be 1.84 e. v. 

Some substantiation of this value is provided by the consideration of the 
normal state and the first excited state of the nitrogen molecule. The 
energy of dissociation of N» in its normal state Y'}°7 into two nitrogen 
atoms in their valence states is found by linear extrapolation to be 11.60 
e. v., and the value of this quantity given by the first excited state A*}>? 
is 10.58 e. v. On subtracting the dissociation energy of the nitrogen 
molecule, 7.38 e. v. (the alternative spectroscopic value 9.76 e. v. is to be 
eliminated as not leading to sufficiently large values for the valence-state 
energy and being incompatible with the results of electron-impact experi- 
ments'*), and dividing by 2, we obtain 2.11 and 1.60 e. v., respectively, 
for the valence-state energy of the nitrogen atom. The value 2.11 e. v. 
given by the normal state of the nitrogen molecule is probably high because 
of alarge amount of s character in the orbital of the ¢ bond for this molecule. 
We conclude that the normal valence-state energy of the nitrogen atom is 
approximately 1.84 e. v., and that variation of a few tenths of an electron- 
volt may be expected. 

The valence-state energy of the carbon atom can be similarly derived 
from spectroscopic data for the molecules CH and C,. For the normal 
state of CH the energy of dissociation to a carbon atom and a hydrogen 
atom in their valence states is 5.20 e. v., as given by linear extrapolation, 
and the dissociation energy Dy, to the atoms in their normal states is 3.47 
e.v. The difference, 1.73 e. v., can be taken as the valence-state energy 
of the carbon atom, inasmuch as the valence state and the normal spectro- 
scopic state of the hydrogen atom are essentially the same. For the 
normal C, molecule the energy of dissociation to two carbon atoms in their 
valence states is found by linear extrapolation to be 7.05 e. v., and the 
dissociation energy Dy is 3.6 e. v. These quantities lead to 1.73 e. v. for 
the valence-state energy of carbon, in exact agreement with the preceding 
value. 

The energy of a carbon atom in its valence state and an oxygen atom 
in its valence state relative to the normal state of the carbon monoxide 
molecule is found to be 11.23 e. v. by linear extrapolation for the normal 
state, and the values 12.33, 11.87, and 12.10 e. v. are similarly obtained for 
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the first three excited states of the molecule, a *II, a’ *3°, and A Il. If 
we subtract from these numbers the quantity 2.47 e. v., the sum of the 
valence-state energies for carbon and oxygen, as evaluated above, we 
obtain 8.76, 9.86, 9.40 and 9.63 e. v. for the dissociation energy of the 
normal carbon monoxide molecule to atoms in their normal spectroscopic 
states. These values are incompatible with the high value 11.11 e. v. for 
D,(CO), and may be considered to support either the value 9.14 or the 
value 9.61-9.85. 

Evidence indicating that the second of these values, 9.6-9.85, is correct 
is obtained from the discussion of the cyanogen molecule and the cyanide 
radical. Linear extrapolation of the vibrational levels of the lowest state 
of the CN molecule, Y *}°*, leads to 9.85 e. v. for the energy of a carbon 
atom and a nitrogen atom in their valence states relative to the normal 
state of the molecule. On subtracting 1.73 for the valence-state energy 
of carbon and 1.84 for that of nitrogen, we obtain 6.28 e. v. for Do(CN). 
This value strongly supports the spectroscopic value 6.24 e. v. for this 
molecule,'* rather than the alternative spectroscopic value 7.50 e. v. 
From thermochemical data and the accepted dissociation energy of the 
oxygen molecule, 5.08 e. v., it can be calculated'® that the dissociation 
energy of cyanogen, C.Ne, into two CN molecules is given by the equation 


D)(NC—CN) = 2D,(CO) + Do(Ne) — 2D0(CN) — 10.7 e. v. (1) 


The dissociation energy of cyanogen has been reported by Kistiakowsky 
and Gershinowitz'® to be 77 + 4 keal./mole, and by White!’ to be 146 = 
4+ keal./mole. A chemical argument can be given that leads to an inter- 
mediate value. The dissociation energy of cyanogen may be expected to 
be greater than the carbon-carbon single-bond energy in diamond (one- 
half the heat of sublimation of diamond) by an amount equal to the 
conjugation energy of the two triple bonds in the molecule. This conjuga- 
tion energy is twice that of two conjugated double bonds, with theoretical 
value'® S keal. mole. The value of Dj((NC—CN) may hence be taken as 
16 keal., mole (0.70 e. v.) greater than one-half the heat of sublimation of 
diamond, and if this heat of sublimation lies between 125 and 170 kceal./ 
mole the value of D)(NC—CN) is calculated to be 90 + 11 keal./mole 
Instead of using this value, with its large uncertainty, we may adopt the 
following procedurg. Thermochemical data require that the value of 
D,(CO) be 3.70 e. v. greater than the heat of sublimation of diamond, and 
hence, with the resonance energy 0.70 e. v. in cyanogen, we obtain the 
equation 
D(NC—CN) = '/2D,(CO) — 1.15e. v. (2) 


From (1) and (2) we obtain the equation 


3, 2 Di(CO) = 2D)(CN) D (No) + 9.55 e. v. (3) 
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This equation with the values given above for D)(CN) and Dy(N¢2) leads to 
9.77 e. v. for Do(CO), and hence to 140 kcal/mole for the heat of sub- 
limation of graphite and 86 keal./mole for the dissociation energy ef cyano- 
gen. 

The methods that we have used in reaching these values involve some 
novel ideas—the concept of valence-state energy and the postulate that 
the valence-state energy is usually nearly the same for an atom in different 
molecules, the use of linear extrapolation of vibrational levels to obtain 
the dissociation energies of molecules into atoms in their valence states, 
the use of conjugation energy for expressing a difference in dissociation 
energies—and their reliability and accuracy have not been extensively 
tested. From internal evidence it seems likely, however, that these 
methods when cautiously applied yield energy values that involve no larger 
errors than a few tenths of an electron-volt, and that they may be used 
with considerable confidence, as in the present paper, to select the correct 
ones from among alternative widely differing possible values of dissociation 
energies of molecules. 


* Contribution No. 1297. 

! Herzberg, G., Chem. Rev., 20, 145-167 (1937); J. Chem. Phys., 10, 306-307 (1942). 

? Hagstrum, H. D., and Tate, J. T., Phys. Rev., 59, 354-370 (1941); Hagstrum, H. 
D., Ibid., 72, 947-963 (1947). 

3 Coster, D., and Brons, F., Physica, 1, 155-160 (1934). 

4 Gaydon, A. G., and Penney, W. G., Proc. Roy. Soc. London, 183A, 374-388 (1944). 

5 Brewer, L., Gilles, P. W., and Jenkins, F. A., J. Chem. Phys., 16, 797-807 (1948). 

6 Long, L. H., Ibid., 16, 1087 (1948). 

7 Voge, H. H., Ibid., 16, 984-986 (1948). 

5 Brewer, L., /bid., 16, 1165-1166 (1948). 

° Pauling, L., Z. Naturforschung, 3A, 438-447 (1948). 

Pauling, L., Proc. Nati. Acapb. Sc1., 35, 229-232 (1949). 

'! Mulliken, R. S., Phys. Rev., 46, 144-146 (1934). 

"Wulf, O. R., [bid., 46, 316 (1934). 

13 Hagstrum, H. D., J. Chem. Phys., 16, 848-849 (1948). 

14 Gaydon, A. G., Dissociation Energies, Chapman and Hall, Ltd., London, 1947. 

Tbid., p. 182. 

6 Kistiakowsky, G. B., and Gershinowitz, H., J. Chem. Phys., 1, 432-489, 885 (1933). 

White, J. U., Jbid., 8, 459-465 (1940). 

Pauling, L., and Sherman, J., Jbid., 1, 679-686 (1933). 


| 
| 


364 CHEMISTRY: TIMASHEFF, BIER AND NORD Proc. N. A. S. 


AGGREGATION PHENOMENA IN POLYVINYL ALCOHOL- 
ACETATE SOLUTIONS* 
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DEPARTMENT OF ORGANIC Cnuemistry,t FORDHAM UNIVERSITY, NEW YorkK 58, N. Y. 


Communicated by F. G. Keyes, May 7, 1949 


In a series of earlier studies it was found that freezing causes a change 
in the particle size of various enzymes, proteins and other colloids in 
aqueous solution by inducing aggregation or disaggregation.' Applying 
the property of light scattering to particle weight determination made 
it possible to extend investigations on the effect of temperature to the 
range of 20 to 50°C. It was found that at these temperatures recrystallized 
egg albumin is subject to an aggregation reaction within the alleged pH 
range of stability.” The light scattering method has been shown to be 
particularly well suited for the study of such phenomena, and was, there- 
fore, further adopted for the investigation of changes in the state of aggre- 
gation of polyvinyl alcohol-acetate copolymers (PVA-A) in aqueous 
solutions. 

Through partial hydrolysis of polyvinyl acetate, it is possible to obtain 
PVA-A copolymers of varying acetyl contents. The properties of these 
copolymers, notably their solubility, depend largely on the residual acetyl 
groups. Samples having an acetyl content of approximately 20-25°% are 
soluble in cold water but precipitate out on heating. The diagram of 
solubility and of phase separation is, therefore, inverted and, contrary to 
the usual case, the system possesses a critical temperature below which 
there is total miscibility of water and PVA-A at all concentrations, and 
above which a separation of phases takes place. It seemed, therefore, of 
interest to investigate the phenomena preceding phase separation and to 
interpret these in terms of the thermodynamics of high polymer solutions. 

For the calculation of the particle weight, 7, from the turbidity, 7, 
Debye's equation® 


He 4 1) 

; 
was applied, where c is the concentration, and // is a function of the wave- 
length and the refractive indices of the solvent and solution. The constant 
B depends upon the heat of mixing, and, according to Huggins,’ is: 


| 
oe 
B= (3 #) (2) 
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where: 


V, = molar volume of solvent 
dy density of solute 
= a function of the heat of mixing 


Equation | is limited to a system of independent, dielectric, spherical 
particles of small diameter as compared with the wave-length of the light. 
For larger particles a correction factor must be calculated from the meas- 
ured dissymmetry of the angular distribution of the scattered light,* ° 
which also permits the calculation of the particle size. 

Experimental.-For the determination of the turbidity and the dis- 
symmetry of the scattered light, the previously applied Tyndallometer 
was used.? The specific refractive index increment of the solutions was 
determined with a Differential Refractometer of the type described by 
P. P. Debye,® using a cell of improved design. 


4 6 
Concentration (grams per 100 cc.) 
FIGURE 1 
Values of Hce/r of polyvinyl alcohol-acetate copolymer in aqueous solution vs. 
solute concentration at various temperatures. @, 30°C.; O, 40°C.; A, 50°C. 


The PVA-A (E. I. du Pont de Nemours and Co., medium viscosity, 
Type A, Grade 52-22, lot JB 276) was brought into solution and dialyzed 
for 24 hrs. against running distilled water. In order to eliminate a small 
fraction, insoluble at the working temperatures, the solution was brought 
to 55°C. for 24 hrs., and then filtered at the same temperature through a 
Seitz sterilizing filter. The resulting 1°% solution was subsequently stored 
at 4°C. until use. 

Prior to each series of measurements the required quantity of the 
solution was kept for 24 hrs. in a thermostat at the desired temperature, 
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and subsequently pressure-filtered at the same temperature through a 
specially designed sintered glass filter of fine porosity, The solution was 
then transferred to a series of semioctagonal cells used in the Tyndallo- 
meter and diluted to the working concentrations with filtered distilled 
water of the same temperature. The cells were introduced into the same 
thermostat and periodic measurements were taken. At the same time the 
index of refraction increment and the concentration were determined. 


ymmetry Coefficient 
2 


Diss 


iL 
2 6 
Concentration (grams per 100 cc.) 
FIGURE 2 
Dissymmetry coefficients (defined as ratio of the intensity of the light 
scattered at angles of 45° and 135°) of polyvinyl alcohol-acetate copolymer 
in aqueous solution vs. concentration of the solute at various temperatures. 
a, 30°C.; 6, 40°C.; ©, 50°C. 


TABLE 1 


DISSYMETRY PARTICLE 
TEMP., 1/M X 106, COEFFICIENT, CORRECTION weicut M, 
UNCORRECTED FACTOR CORRECTED 


30 8.24 1.20 1.14 138,000 
40 7.84 1.52 1.38 176,000 
50 8.20 2.01 1.82 222,000 


Results and Discussion.-Uncorrected turbidity-conce:tration curves 
for the PVA-A solutions at temperatures of 30°, 40° and 50°C. are shown 
in figure 1, the concentrations ranging from 0.04 to 1%. Corresponding 
dependence of the dissymmetry of the scattered light on the concentration 
is presented in figure 2. The reported values are average values of measure- 
ments taken over a period of 24 hrs., during which time no change in values 
exceeding the experimental error was observed. 

From the presented graphs it is evident that a far-reaching aggregation 
has already occurred at temperatures well below the critical point of phase 


| _ 
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separation. Both the average particle weight and the particle size have 
increased with rising temperature. The corresponding values are recorded 
in table 1. 

Accompanying the increase in particle weight, the slopes of the /Hce/r 
vs. concentration graphs have shown a notable decrease with rise in tem- 
perature. In table 2 are recorded the values of the slope B (eq. 1), un- 
corrected and corrected for the dissymmetry, and the corresponding values 
of wu (eq. 2) at t' > three temperatures. With rising temperature there is a 
noticeable increase in the factor u, which, according to the thermodynamic 
treatment of polymer solutions by Flory’ and Huggins,’ indicates the 
approach of the critical point of phase separation. At this point u should 
assume a value of 0.5 or slightly higher, the slope B (eq. 1) becoming zero. 


TABLE 2 


TEMP., BX 104, CORRECTION BX 104, 
UNCORRECTED FACTOR CORRECTED 


30 4.48 1.14 5.12 
40 2.77 1.38 3.83 
50 0.77 1.82 1.40 


Nore: Specific gravity of PVA-A = 1.259. 


This thermodynamic treatment should not be applied, however, to 
aqueous solutions without reserve. Nevertheless, u can be considered an 
empirical constant characteristic of a given solute-solvent system,* and 
may be expressed in the form: 


(3) 


where a and @ are empirical constants, the heat of mixing being the most 
important factor of a. As, in solutions of PVA-A, the factor » increases 
with a rise in temperature, it is evident from the derivative of equation 3 
with respect to 7, that in this case a must be negative, i.e., the heat of 
mixing is negative. 

Summary.—Applying the light scattering method, the dependence on 
temperature of particle weights of polyvinyl alcohol-acetate copolymers 
in aqueous solution was determined. An increase in temperature causes 
a far reaching aggregation, accompanied by an increase in the value of the 
factor w. The aggregation, dependent upon a negative heat of mixing of 
the polymer with water, can be treated in terms of the thermodynamics of 
phase separation. 

* This work has been carried out under the auspices of the Office of Naval Research. 
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DIFFUSION EQUATION AND STOCHASTIC PROCESSES 
By S. BOCHNER 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 
Communicated by Marston Morse, May 7, 1949 


Take a point set S with a Lebesgue measure and consider on it a 
stochastic process with a density function f(s, x; vy), x, ve SSO < 
t< . It satisfies the functional equation 


f(s, x; th y) = SGf(s, x; u, 2) f(u, 2; t, y)do, 
O<s<u<t, with the accompanying initial condition 
Ss, x; t, vy) y) ast s 
where 6(x, y) is the ‘Dirac function.”’ By a general argument it can be 


shown that this always implies a pair of diffusion equations 


f(s, x; ty) = —A,(x)f(s, x; t, y) 
Os (1) 


f(s, x; th y) = A*(y)f(s, x; ty) 


(one ‘‘backward”’ and one ‘‘forward”’ equation) in which, for each u, the 
symbol A,(z) denotes a suitable linear operator acting on the point zs, and 
the symbol A,*(z) denotes its “adjoint” operator. If f(s, x; t, y) is 
stationary, that is if there exists a function f(u; x y) such that f(s x; 
t y) = f(t — s; x y) then there exists one operator A(z) so that A,(z) = 
A(z) and 


rma f(u; x y) = A(x) flu; x, ). (2) 
u 


| | 
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All this does not yet exhaust the description of a stochastic process. 
What has to be added is the very important property 


which has an initial condition of its own namely 
Ss f(s, x; t, y)dv, = 1. (4) 


Condition (4) may be very troublesome, either to enforce or to verify, 
but there is no intuitive difficulty in describirfg it in terms of the generating 
operator A,(z). Thus, for a stationary process A(z), if A(z) is a self-adjoint 
operator on Ll. it states that A shall have the eigenvalue \) = O with the 
eigenfunction go(v) = 1 or approximately so. However the intuitive 
reduction of the ‘“‘global’’ property (3) to a structural property of the 
generating operator is in the general case much harder to accomplish. 

Actually, in the classical set-up with which the theory of stochastic 
processes started, such a reduction does exist, and very sharply so. In 
the classical stationary set-up the operator A is the negative Laplace- 
Beltrami elliptic differential operator of the second order, A = — A, on 
a differentiable manifold, and property (3) follows then, sufficiently, from 
the fact, that at a point of minimum for a twice differentiable function we 
have Ag > 0. So this is quite satisfactory as far as it goes. But the 
Laplace operator leads only to a Gaussian stochastic process, or approxi- 
mately so, and for all other processes the problem remains. 

Now, we claim that for a certain type of other processes an answer is 
still possible. Take a numerical function in 0 < © and assume 
that exp{ —u(d)} is completely monotone, that is 


= dy,(),  dy(p) > 0, (5) 


and if B is any stationary process, say B = — A, then we form the opera- 
tional function A = $(B). We claim that it again forms a stationary 
process; in fact their densities satisfy the relation 


Solu; x,y) = Sn” flo; x, ydy,(0), (6) 
so that (3) implies fp > 0, as claimed. 


In particular for (A) = 7, 0< p< 1, we obtain the “stable” processes 
of P. Levy, and we have just seen that Levy's construction may be super- 
imposed on any stationary process originally given and not only a Gaussian 


one. Thus, any diffusion equation (2) implies the associated equations 


(7) 
Ou 


all of diffusion type, and many others. We yet mention, for any ¢ > 0, 
the associated equation 


| 
| | 
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f= (8) 

Ou 
which is the “‘relativistic’’ counterpart to (2), this counterpart being always 
a stochastic process again. However, their Brownian motions may be 
very different from each other. Thus, for A = — A almost all paths are 
infinite, but for #(— A) almost all paths will remain infinite if and 
only if fy P(\2)A-*dA = ©; otherwise, and this then includes the 
equation (7), for p < '/, the® are almost all finite. Whether this might 
have a physical interpretation, is not known to us. 

We can also make a statement on non-stationary cases. Take a function 
in two variables ®(u, \), 0< u< ©,0<< , and assume that for every 
fixed u it is completely continuous as before. Take a fixed self-adjoint 
operator B which produces a stationary process, say B = — A, and set 
up the variable operator 


A, = ¥(u, B). (9) 


We claim that this will produce a non-stationary process in (1). It is no 
longer possible to substantiate this by a formula as direct as (6) is, but if 
we employ the spectral resolution of B, a formula can again be written 
down. Assume first that B has a pure point spectrum in which case we 
have 


ur 


For the stochastic density of A, we then have 
f(s, x; ty) = ¥, exp(— L' A, (li) 
and it can be shown that the positiveness of (10) induces that of (11). 


More generally, for a non-discrete spectrum if we have a Carleman rep- 


resentation 
x,y) = So x,y), 
then this implies . 
f(s, x; thy) = exp(— N)du)d,E(A; x, y). 


Finally we note that if we start with a family of self adjoint operators 
A,,0<u< ©, instead of investigating directly the existence of a function 
&(u, \) and an operator B for which (9) holds, it suffices to verify that 
they are mutually commutative, A,A, = A,A,, and that, for each u, 
A,, generates a stationary process; because this then implies the repre- 
sentation (9) automatically. 

A detailed paper with full references will appear at a later date. 
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ON EPSTEIN'S ZETA FUNCTION (1) 
By S. CHOWLA AND A. SELBERG 
INSTITUTE FOR ADVANCED STUDY, PRINCETON, N. J. 
Communicated by H. Weyl, May 18, 1949 


1. This paper contains a short account of results whose detailed proofs 
will be published later. 
We define the function Z(s) by 


Z(s) = ¥'(am? + bmn + (1) 


where s = o + ift(a and /, real), o > 1, and the summation is for all integers 
m,n (each going from — © to +), while the dash indicates that m = 
n = 0 is excluded from the summation; further a and ¢ are positive 
numbers while 6 is real and subject to 4ac — 6? = A> 0. 

It is well known that the function Z(s), defined for o > 1 by (1), can be 
continued analytically over the whole s-plane, and satisfies a functional 
equation similar to the one satisfied by the Riemann Zeta Function. 
The function Z(s), thus defined, is a meromorphic function with a simple 
pole at s = 1. 

Deuring (Math. Ztschr., 37, 403-413 (1933)) obtained an important 
formula for Z(s). Deuring’s work led Heilbronn (Quart. J. Maths., 
Oxford, 5, 150 (1934)) to the proof of the following famous conjecture of 
Gauss on the class-number of binary quadratic forms with a negative 
fundamental discriminant: let #(— A) denote the number of classes of 
binary quadratic forms of negative fundamental discriminant — A = 
b? — 4ac, then 


h(—A)— & as A— (2) 
Again using the ideas of Heilbronn and Deuring, Siegel proved that 
h(—A)> A”? [A> Ad(e)] (3) 


which is a great advance on (2). 
Our starting point is the formula: 


‘Sa 


Z(s) = 2¢(2s)a~* + 
where 


Sos + */2 b 


A’? 


2a 
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Here o;,(m) denotes the sum of the &th powers of the divisors of m, and 
¢(s) is Riemann’s Zeta Function. The series for Q(s) is highly convergent. 
Taking a crude estimate of the series for Q(s) we obtain the formula of 
Deuring referred to above. 

2. The formula (4) can be applied to the proof of the positiveness of 


certain Dirichlet L-functions at s = |». In fact we define for s > 0, 


L,(s) = 


1 
where (7, p) is Legendre’s symbol defined as follows: 


If n # 0 (mod p), then (n/p) = +1 if the congruence x* = m (mod p) 
is soluble; (7/p) = —1 if the congruence x? = n(mod P) is insoluble 


If n = 0(p), then 
(n/p) = 0 
The positiveness of L,(s) for 0 < s S 1 was proved by 8S. Chowla (Acta 


Arithmetica, Band 1, 114 (1935)) in a large number of special cases, e.g., for 
p = 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 47, 53, 59, 61, 71, 73, 79, 83, 
89, 97. 

But no information was obtained in the cases p = 48, 67, 163 (here the 
class number /(—p) is small). Heilbronn (Acta Arithmetica, Band 2, 
212 (1937) proved that there are infinitely many primes p for which the 
method of Chowla gives no information. Curiously enough, the present 
method is more successful with precisely those cases like p = 43, 67, 163 
(class number h(—p) = 1) where the previous method failed. In these 
three cases we obtain L,(!/2) > 0 (Rosser has recently, in an unpublished 
paper, settled the cases p = 43 and p = 67 by an entirely different method). 
That L,(',2) > 0 in these cases, is not surprising, for if there is a prime p 
such that L,('/2) < 0 then the extended Riemann hypothesis is false! 
These results are deduced from the following 

THEOREM: Jf p is an odd prime >7 and if h(—p) = 1, then (c = w/2) 


ve) 
= + log + — (5) 


where y is Euler's constant and @ is a real number such that |0| < 1. 
Remark that we can also show the positivity of L,(a) on the whole stretch 
1/5 < @ < 1 by the same method, in the three cases p = 43, 67, 163. This can 
be done with a little more computation. 

3. It is well known that we have 


h(—d) = 1 (6) 


in the nine’ cases d = 3, 4, 7,8, 11, 19, 43, 67, 163. Heilbronn and Linfoot 
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have proved that (6) has at most 10 solutions; further, that if (6) has a 
tenth solution then d must be very large indeed; in fact d > 5.10° (Lehmer). 
It follows from (5) that if (6) has a tenth solution d = do, then 


La('/2) < 0 [d = do] 


It is known that dy is necessarily a prime, and is in fact, = 3 (mod 8). 
4. We apply (4) to a classical problem of the theory of elliptic functions. 
Write, as usual, 


FORK 
— k* sin’ : 


d¢ 


2 


K’ = 


k’? = 1 
vi — sin® 


It has long been known that K can be calculated in finite terms whenever 
1K’/K is a number belonging to any of the imaginary quadratic fields 
—1), —2), R(W/ —3). This is deduced from the fact that K can 
be calculated in finite terms when 


1,2,3) 


1 
Thus when n = lie., k = V3 , we have 


and there are similar results obtained (each by a different method!) for 
the cases nm = 2, 3. We prove that A can be calculated in finite terms 
whenever 7K’/A is a number in an imaginary quadratic field. More 
precisely, our result is as follows: let d be a negative integer = 0 or 1 
(mod 4) and so that d or d/4 is a square-free integer. Further let denote 
the class-number /(d) and 


w= §, 4,2 according asd = —3,d = —4,d< —4. 


Finally (d/m) denotes the Kronecker symbol. Then, 
TuHEeorEM: Let iK’/K bea number from the field k(\/d). Then we have 
= |d| m (d/m)) w/4h 
K \ (7) 
Vn = 1 
where X is an algebraic number. 


A special case of (7) is the following: 
TuroreM: If K'/K = \/pand if h(—p) = 1, then 


| 
do 
4/4 
| 
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(3) 
V20p 
where (p isa prime) and w = 61f p = 3,w = 21f p> 3; a runs through the 
— 1 
ioe quadratic residues of p that lie between 0 and p, while B runs through 


the remaining ——>— numbers between 0 and p. 


Specializing again to the case p = 7 we obtain in the ustial notation for 
hypergeometric series: 


5. Let Ga(s) denote the analytical continuation of the function defined 
for ¢ > */» by the series 


+ y? + dz?) 
From a formula similar to (4) it is deduced that 
THEOREM: There exists a real number 64 such that 


Ga(6a) = 0 > dol 


where 04 Oasd — but 04 0. 


ON A NEW METHOD IN ELEMENTARY NUMBER THEORY 
WHICH LEADS TO AN ELEMENTARY PROOF OF THE PRIME 
NUMBER THEOREM 
By P. Erpés 
DEPARTMENT OF MATHEMATICS, SYRACUSE UNIVERSITY 


Communicated by P. A. Smith, April 16, 1949 


1. Introduction. -In the course of several important researches in 
elementary number theory A. Selberg' proved some months ago the 
following asymptotic formula: 

¥ (log p)? + ¥ log p log q = 2x log x + O(x), (1) 
pg Sr 
where p and q run over the primes. This is of course an immediate conse- 
quence of the prime number theorem, The point is that Selberg’s in- 
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genious proof of (1) is completely elementary. Thus (1) can be used as 
a starting point for elementary proofs of various theorems in analytical 
number theory, which previously seemed inaccessible by elementary 
methods. 

Using (1) I proved that p,41 p,— lasn—> ©. In fact, I proved the 
following slightly stronger result: To every c there exists a positive 6(c), 
so that for x sufficiently large we have 


mix(1 + — r(x) > 6(c)x/log x (2) 


where (x) is the number at primes not exceeding x. 

I communicated this proof of (2) to Selberg, who, two days later, using 
(1), (2) and the ideas of the proof of (2), dedaced the prime number theorem 
m(x)log x 


lim 1 or, equivalently” 


@ x 
lim =. 1, where d(x) = ¥ log p. (3) 
zo X 
In a few more days, Selberg simplified my proof of (2), and later we jointly 
simplified the proof of the prime number theorem. The new proof no 
longer required (2), but used the same ideas as in the proof of (2) and (3). 
I was also able to prove the prime number theorem for arithmetic pro- 
gressions. My proof of the latter was helped by discussions with Selberg 
and it utilizes ideas of Selberg’s previous elementary proof of Dirichlet’s 
theorem,* according to which every arithmetic progression whose first 
term and difference are relatively prime contains infinitely many primes. 
This proof will be given in a separate paper. 

Selberg has now a more direct proof of (3), which is not yet published. 
It is possible, therefore, that the present method may pfove to be only of 
historical interest. 

I now proceed to give the proofs as they occurred in chronological order. 
(It should be remarked that we never utilize the full strength of (1), indeed 
an error term o(x log x) is all that is used in the following proofs.) 

We introduce the following notation: 


A = lim sup = lim inf‘ 
Xx 
First, we state a few elementary facts about primes which will be used 
subsequently. Of these, I, I] and IV are well known in elementary prime 
number theory, while III is shown to be a simple consequence of (1). 
I. a> od. 


> log Pp _ [1 + o(1)]log x. 


P 
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Let x2 > x1. Then 
— < — + O(N). 


Thus, in particular, if +; = 0, we obtain A S 2. 

Put in (1) x = xy and x = a, and subtract. Then we obtain 

p)? S log xz — 2x1 log x1 + log x2) 

2(x2 — xilog x2 + 0(x2 log x2). (4) 

We distinguish two cases: (A) x; 2 x2/(log x2)”. Then clearly log x, = 
(1 + o(1))log x. and III follows from (4) on dividing both sides by log x2. 
(B) x1 < x2/(log x2)?. Then we have by (A) 


(log Xe) 2 


2(m )+ 0(x2) = 2(x2 — x1) + o(x2), q.e. d. 
(log X2)? 


IV. AS1.5. This is a consequence of the known result #(x) S 1.5x. 
2. Proof of (2).—It is equivalent to prove that to every positive c there 
exists a positive 6(c) such that #[(1 + c)x] — 8(x) > 6(c)x for x sufficiently 
large. 
Suppose this not true, then there exist positive constants ¢’ and corre- 
sponding arbitrarily large x so that 
+ — = o(x). (5) 
Put C = sup c’. It easily follows from I and the finiteness of A that 
C< @. 
First we show that C satisfies (5), in other words, that there are arbi- 
trarily large values of x for which 
+ C)] — = o(x). (6) 
Choose c’ > C — '/se and let x — © through values satisfying (5). 
Then by III we have 
d[x(1 + C)] — a(x) = + C)] — + ¢’)] + 8 [x1 4 - 
S 2(C — c')x + o(x) < ex + O(n), 
which (since ¢ can be chosen arbitrarily small) proves (6). 


Now we shall show that (6) leads to a contradiction. From (1) we 
obtain by subtraction 


(log p)? + =. log p log g = 2Cx log x + o(x log x). 
) 


x<psx(1+C x<pqsx(1+C) 


From (6) we have for suitable x since > (log p)? = o(x log x) 
x<psx(it+C) 
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log | (‘))- 2Cx log x + o(x log x) (7) 
psx(l+ X) p p 

Now we deduce the following fundamental lemma. 

Lemma |. Let x — © through values satisfying (6), then for all primes 
pS x(1 + C), except possibly for a set of primes for which 


= = o(log x) (8) 


we have 


p 


Suppose the lemma is not true. Then there exist two positive constants 
b, and 6, so that for arbitrarily large x (satisfying (6)) we have for a set of 


log r 


primes satisfying -~ logx 


+ o(°)< (2C — ba)”. (10) 
r p r 


But then from II, III and (10), since (9) holds at best for a set of primes 


satisfying }> Lae (1 — db) log x we have 
r 


r 


2C(1 — b,)x log x + o(x log x) = (2C — bybe)x log x + o(x log x) 


But this contradicts (7), hence the lemma is established. 

The primes satisfying (9) we shall call good primes, the other primes 
we shall call bad primes (of course the goodness and badness of a prime 
depends on x). 

We shall prove the existence of a sequence of good primes p; < po< .. . px 
satisfying the following conditions: 


< pe < 100p;, (1 + + > 

(1 4 = 1,2,....k=—1 
where ¢ is a small but fixed number (small compared to C). Since 
(1 + ¢)* < 100 it is clear that k < k, with constant k, = k,(t). 


Suppose we already established the existence of a sequence satisfying 
(11). Then we prove (2) as follows: Consider the two intervals 
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—(1 + ~ (1 + (12) 
Piti Piti Pi Pr 
If they overlap, then by (11) 


since otherwise 


Pi 


Pi Pi+1 


with c, > 0 and we would have from (9) 
a+ o(*) > (2+ 0)- | 
Pi pis Pi 


which contradicts IIT. 


Pit+i Pi Pi 


Adding (13) and (9) with p = p; we obtain 


i 


If the intervals (12) do not overlap we obtain by a simple calculation 
(using (9) and the fact that f is small) 


pi Di Pitt 


Pi+1 
1,2, ..., ®) we clearly 


Adding all the equations (14) and (15) (for 7 


pi Pr 


pi 
Since p, > 10; we obtain from (16) 


1 


obtain 


But (17) contradicts IV. 
Thus to complete the proof of (2) it will suffice to show the existence of a 


sequence of good primes satisfying (11). 
Consider the intervals 


378 
Pi Pit 
Clearly 
(*) ) =.) + o(*) (13) 
piti Pi Pit pi 
{ 
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I, = (BY, =0,1,..., | log | 
2 log B 


where B is a fixed, sufficiently large number. Clearly all the intervals 
I, lie in the interval (0, x). First we show that with the exception of 0 


(log x) r’s the interval J, contains good primes. From I and IV it easily 
follows that for sufficiently large B we have (since d(Bx) — d(x) > cx) 


log p 
pind, p 


> alc, > 0 independent of r) 


Thus if there were c: log x with c. > 0 of the J,'s without good primes, we 
would have 


> c1€2 log x 


log p 
p 


bad 


which contradicts (8). 

Let now fp; be the smallest good prime in /; (if it exists), and suppose 
that a sequence po”, ..., satisfying (11) exists, but no pyr” 
satisfying (11) can be found. Thus, all the primes in 


[pi” (1 +- #), + + 
are bad. We have, by the definition of C, 


log p> npi'?(1 + + C), (n absolute constant). 
pin J*”) 
Thus 
(18) 
pins) 

Clearly for B > 100 we have p,”(1 + #)°(1 + C) < B*+*. Thus the 
intervals J,,", J;,", ... do not overlap. Hence from (18), since the 
log x 

4 log B 


number of 7's with pi” existing is > 
log p > n log x 
pbad 4 log B 


which contradicts (8) and establishes (2). 

3. Selberg’s deduction of the prime number theorem from (2).—Assume 
a< A. First we prove the following lemmas. 

LemMMA2. a+A = 2. 

Choose x — © so that J(x) = Ax + o(x). Then a simple computation 
(as in the proof of IIIT) shows that 
> (log p)? = Ax log x + o(x log x). 


psx 


ies 
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Thus from (1) 


r 


> (log »v(*) = (2 — A)x log x + o(x log x). (19) 


By the definition of a and by II we obtain by a simple computation 


SS (log »0(*) >ax log p + o(x log x) = ax log x + o(x log x) 
psx r p 


Thus from (19), 2 2 a + A. We obtain a + AS 2 similarly, by choos- 
j= 


ing x so that d(x ax + o(x). Thus lemma 2 is proved. 


Lemma 3. Let x — © so that #(x) = Ax + o(x). Then for any prime 
p; S x except possible for a set of primes satisfying 


= o(log x) (20) 


we have 


+0(*) (21) 
Pi 


Suppose the lemma is false. Then as in the proof of lemma | there 
exist two positive constants ; and 2 so that for arbitrarily large x, satisfy- 


ing #&(x) = Ax + o(x), and for a set of primes satisfying > am Ps b, log x, 

we have 


But then we have from (22), lemma 2, (19) and IT (as in the proof of 
lemma 1) 


> x 


ax log x + o(xlogx) = 
ps 


(log pa(*) > bia + logx + (1 — 


log x + o(x log x) = ax log x + dbibex log x + o(x log x), 
an evident contradiction. This proves lemma 3. 
LemMa 4. Let p; be the smallest prime satisfying (21). Then pi < x*, 
and for all primes p, < xp, except possible for a set of primes satisfying 
= o(log x) (23) 


we have 
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o(* ) A = +0(=) (24) 
pif, pip; pip; 

pi < x* follows immediately from (20) and II. The second part of lemma 
4 follows by applying the argument of lemma 3 to x/p; instead of x and 
interchanging A and a. 

Now the deduction of the prime number theorem. Let p,; be any prime 


satisfying (21). Assume ri <~. Then (since #(x) is non-decreasing) 
Pi 


Pi i Pip; PrP; 


or p,; cannot lie in the interval 


pi pi a 
where 6 > 0 is an arbitrary fixed number. Hence all primes in J; must 


be “‘bad,”’ i.e., they do not satisfy (24). But it immediately follows from 
(2) that 


from (21) and (24) 


ef. . 
pinks p 

To obtain a contradiction to (23) it suffices to construct ¢ log x disjoint 
intervals /;. This can be accomplished in the same way as in the end of the 
proof of (2) (where the disjoint intervals J;“? were constructed). This 
completes the first elementary proof of the prime number theorem. 

4. Sketch of Selberg’s simplification of the proof of (2).—If we can find 
two good primes satisfying 


«> 25) 


then (2) follows easily. The intervals E (1 + of E 
p2 pe 


1 1 2 


overlap. Thus (13), with 7 = 1, holds. But then exactly as in lemma 1 
there exists a prime p so that a. 


(1 +o]-9(*) -o(*). 
pip pop pop 


But this is impossible (by the definition of C) since 
pip pr 


>1+ C. 


eS | 

| 

| 
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Thus we only have to show that good primes satisfying (24) exist, and this 

can be accomplished by using III (a contradiction with >> ne? = 
pgood 

[1 + o(1)}log x can be established similarly as in the previous proof). 

5. The joint simplified proof of the prime number theorem.— 

LemMA 5. Let x, > x, and x,— ~. Assume that 3(x1) = Ax, + o(x)) 
and 3(x2) = axe + 0(x2), or = ax, + 0(x1) and = Axo + 
Then 

A/a + o(1). 


Since #(x) is non-decreasing we have in the first case 


axes + 0(X%2) S Ax, + or S + o(1) 


In the second case we have by III — S — v1) + 
ax, + 2(x2 — x1) S Axe + O(x2) or (2 — A)xe S (2 — + O(N»). 


Hence by lemma 2, S Ax; + o(x2). Thus again x. /x,S A a+ o(1). 
q.e.d. 
A 
Put 1 + D = — + 6 where 4 is sufficiently small, and will be determined 
a 
later. Next we prove the following result. 
LEMMA 6. 
log p 
ysps(itDyy p 


> n(n independent of y). 


First we show that 


log p > n(1 + D)y. (26) 
942943 A+ D)y 


If (26) is false then for a suitable sequence of y's we have #[(1 + D)y] — 
v(y) = o(y). But then for these y's 


+ 


d(y) + o(y) Ay + oly) 
(+ (1+ Diy (+ D)y 


which contradicts the definition of a. Thus (26) holds and lemma 6 follows 
immediately. ; 

Choose now x so that (x) = Ax + o(x). Then by lemmas 3 and 4 
we obtain (p:, p; and p, having the same meaning as in lemmas 3 and 4) 


ra o( x ), (=) o(*) 
Pip; pip; pip; Pi Pi Pp: 


From lemma 5 we obtain that for any fixed ¢ and sufficiently large x (satis- 
fying 3(x) = Ax + o(x)) 


| 
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Pi a Pi A Pip, 


Hence p, cannot lie in the interval 


Now if 6 is small enough then 1 + DS + Hence by 


a 


lemma 6 


pinks p 

But by what has been said before all the primes in J; are bad (i.e., they do 
not satisfy (24)). Thus to arrive at a contradiction with (23) it will 
suffice as in the proof of (2) to construct ¢ log x disjoint intervals J; This 
can be accomplished as in the proof of (2), which completes the proof of the 
prime number theorem. 

6. Perhaps this last step can be carried out slightly more easily as 
follows: Put 


log pi log p 
S= 27 
Pi pb ( 


where /p; runs through the primes satisfying (21). As stated before all 
the primes in /; are bad (i.e., they do not satisfy (24)). Thus we have 
from (27) 


S> 472, > ” log (28) 


> !/, log x for large x. 


1 
since by II and (20) 2 “~ 


t 
On the other hand by interchanging the order of summation we obtain 


S = log 
p pinJp Pi 
where p runs through all the primes of all the intervals /; (each p is, of 
course, counted only once) and p; runs through the primes satisfying (21) 
of the interval 


383 
| 
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We evidently have from A < 


piinJp 


Hence 


log p 


or from (27) 


lo 
PS log x, 
p 2c 

which contradicts (22) and completes the proof. 

1 Selberg’s proof of (1) is not yet published. 

2 See, for example, Landau, E., Handbuch der Lehre von der Verteilung der Primsahlen, 
§ 19, or Ingham, A. E., The Distribution of Prime Numbers, p. 13. 

3 An analogous result is used in Selberg’s proof of Dirichlet’s theorem. 

4 See, for example, Landau, E., op. cit., §§18 and 26, or Ingham, A. E., op. cit., pp. 
14, 15 and 22. 


ON THE STRUCTURE OF LOCALLY COMPACT GROUPS 
By ANDREW M. GLEASON 
SOCIETY OF FELLOWS, HARVARD UNIVERSITY 
Communicated by Hassler Whitney, May 7, 1949 


1. Introduction—-Locally compact groups have attracted a great deal 
of study in the years since the introduction of invariant integration by 
Haar.' It has been shown that their structure is closely related to that 
of Lie groups in certain important cases (compact, abelian* and solvable‘ 
groups), and it is widely conjectured that similar results are valid in general. 
We shall state here certain theorems which strengthen this conjecture 
and reduce its verification to the study of simple groups. 

2. The Extension Theorem for Lie Groups.—THEoREM 1. Let G be 
a topological group. Suppose that G has a closed normal subgroup N such 
that both N and G, N are Lie groups. Then G 1s itself a Lie group. 

In case N is abelian, Kuranishi® has proved this theorem under the 
additional hypothesis that there is a local cross-section for the cosets of 
V; that is, a closed set having exactly one point in common with each 
coset of VV near the identity. The author has shown® that such a cross- 
section set always exists for abelian Lie groups. Hence our theorem is 
true for the special case that .V is abelian. 


| 
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The remainder of the proof is straightforward. We may assume that 
Nis connected. Let C be the centralizer of N. Then C is a closed normal 
subgroup of G and G/C is a Lie group because it can be represented by 
automorphisms of V. It follows easily that G/(C m N) isa Lie group. 
But C n_N, being the center of N, is an abelian Lie group and we may 
apply the special case established above. 

3. Generalized Lie Groups.—Definition. A topological group G will 
be called a generalized Lie group if and only if the following condition is 
satisfied : 

For every neighborhood U of the identity, there is an open subgroup 
G, of G and a compact normal subgroup C of G; such that C ¢ U and 
G,/C is a Lie group. 

A generalized Lie group is locally compact. The property of being a 
generalized Lie group is a local one; that is, if one of two locally isomorphic 
groups is a generalized Lie group, then so is the other. 

THEOREM 2. A locally compact group is a generalized Lie group if and 
only if it has an open subgroup which is the projective limit of Lie groups. 

It follows from this theorem that all compact groups and all locally 
compact abelian or totally disconnected groups are generalized Lie groups. 

Any closed subgroup or quotient group of a generalized Lie group is 
again a generalized Lie group; in fact, the following analog of Cartan’s 
theorem holds: 

THEOREM 3. Let G be a locally compact group which admits a faithful 
representation in a generalized Lie group I]. Then G is a generalized Lie 
group. 

THEOREM +. Let G be a topological group. Suppose G has a closed 
normal subgroup N such that both N and G/N are generalized Lie groups. 
Then G is itself a generalized Lie group. 

It is an immediate corollary that every locally compact solvable group 
is a generalized Lie group. This result is slightly more inclusive than that 
of Malcev.* 

4. The Height of a Group.-Definition. Let G be a topological group. 
Consider increasing sequences HJ) = je} ¢ I, ¢ ... ¢ H, of connected 
closed subgroups of G such that none of the factor spaces H;/H/;_: are 
compact. The height of G is the least upper bound of the index & taken 
over all such sequences. It is either a non-negative integer or @. We 
shall denote it by A(G). 

If G, is a closed subgroup of G, then 4(G,) < h(G); moreover, if N is a 
connected closed normal subgroup of G, then h(N) + h(G/N) < h(G). 

THEorREM 5. The height of a locally compact group is finite. 

THEOREM 6. Every locally compact group has a finite composition series 
such that all the quotient groups are either compact, abelian, totally discon- 
nected, or simple. 


| 
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5. Solvable and Semisimple Groups.—THeorem 7. Every connected 
locally compact group has a largest normal solvable subgroup. The corre- 
sponding quotient group is semisimple; that is, it has no normal solvable 
subgroups except \e}. 

THEOREM 8. Every connected locally compact semisimple group is the 
direct product of indecomposable groups. All of the factors except a finite 
number are compact simple Lie groups. The remaining factors are metrizable. 

6. Conjecture.—It seems natural to conjecture that every locally com- 
pact group is a generalized Lie group. To verify this conjecture, we may 
confine our attentiom to connected simple groups in view of Theorems 4 
and 6. A connected simple group which is a generalized Lie group must 
be actually a Lie group. Hence our conjecture is equivalent to the asser- 
tion that every locally compact connected simple group is a Lie group. 

If the conjecture can be established then Hilbert’s fifth problem will be 
answered in the affirmative, for a connected generalized Lie group is a 
projective limit of Lie groups by Theorem 2 and a locally euclidean group 
which is a projective limit of Lie groups is known to be a Lie group. 

' Haar, A., “Der Massbegriff in der Theorie der kontinuierlichen Gruppen,’ Ann. 
Math., 34, 147-169 (1933). 

2 Von Neumann, J., “Die Einfiihrung analytischer Parameter in topologischen 
Gruppen,” [bid., 34, 170-190 (1933). Van Kampen, E., ‘‘The Structure of a Compact 
Connected Group,” Amer. Jour. Math., 57, 301-308 (1935). 

8 Pontrjagin, L., ‘‘The Theory of Topological Commutative Groups,’ Ann. Math., 
35, 361-388 (1934). 

4 Malcev, A., ‘On Solvable Topological Groups (Russian),’’ Rec. Vath. (Mat. Sborntk), 
N.S., 19 (61), 165-174 (1946). 

5 Kuranishi, M., “On Locally Euclidean Groups Satisfying Certain Conditions,” 
to appear in Bull. Amer. Math. Soc. 

® Gleason, A., “Spaces with a Compact Lie Group of Transformations,”’ to appear in 
Bull, Amer. Math. Soc. 


ON THE AUTOMORPHISMS OF A SFIELD 
By Loo-KEnG Hua 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 
Communicated by H. S. Vandiver, May 8, 1949 


Let A bea sfield. A mapping (a — a’) of A onto itself is called a semi- 
automorphism if it satisfies 


(a + b)’ = a° + BY (1) 
(aba)? = (2) 


and 


= 
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1° = 1. (3) 


The well-known examples of semi-automorphisms are automorphisms, 
which satisfy (ab)’ = a’b’, and anti-automorphisms, which satisfy (ab)’ = 

It is a known problem about the existence of semi-automorphism other 
than automorphisms and anti-automorphisms. It is the aim of the note 


to settle this problem, namely: 
THEOREM 1. Every semi-automorphism is either an automorphism or an 


anti-automorphism. 
To prove the theorem we need several simple consequences of (1), (2) 
and (3). 
Putting 6 = a~' in (2), we have 
(a~')” = (a’)-, 
and replacing a by a + 6 and 6 by | in (2), we have, by (3), 
(ab)? + (ba)’ = ab’? + b’a’. 
Applying (2) twice, we obtain, by (4), 
(ba)’ = (ab(ab)~'ba)’ 
= 
Substituting (6) into (5), we have 
(ab)? + = + 
which is equivalent to 
((ab)? — a°b’)(1 — (ab)’~'b’a’) = 0. 
We deduce immediately 


(ab) — 


Suppose that we have a pair of elements a and 6} such that 


(aby = Va’ ab". 


Then, for any c, we have 
(ac)’ = ca’, 
In fact, otherwise, we would have, by (8), 


and, by (9) and (1) 


| 
{ 
| 

(9) 
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a’(b’ + 
(b° + c’)a’ 


+ = (ac)’ + (ab)? = (a(b + = 


Both conclusions are impossible. Similarly, we prove that, for any 5, 
(db)? = (11) 
Now we are going to prove that 
(do)? 
Suppose the contrary, that is, by (8), 
(dc)? = 


Similar to the previous argument, we can establish that 


(acy 
and 
(db)? = d°b’. 
Now we consider the elements: 
+ (ac)? + (db)? + d’c? = ((a + + = 


(a? + d’)(b° + 
V(b" + + d’). 


The first conclusion contradicts (9), by (10) and (11), and the second 
conclusion contradicts (12), by (13) and (14). 

Therefore, if there is a pair of elements a,b such that (ab)” = 6’a’(4a’b’), 
then, for any pair of elements c and d, we have (cd)’ = d’c’. This proves 
our theorem. 

By means of the previous theorem, we also settle a problem in the study 
of projective geometry on a line over a sfield. Namely: 

THEOREM 2. Any one to one mapping carrying the projective line over a 
sfield of characteristic #2 onto itself and keeping harmonic relation invariant 
is a semi-linear transformation induced by an automorphism or an antt- 
automorphism. 

This theorem was established for the quaternion algebra (Ancochea') 
and later for division algebra (Ancochea’*), characteristic #2 and he left 
the general problem open. 

As an easy consequence of the following theorem on geometry of matrices 
(the proof will be given elsewhere), we can extend theorem 1 to any semi- 
simple ring with a descending chain condition. 

THEOREM 3. Twon X m matrices Z and W are said to coherent, if the 
rank of their difference Z — W isone. Suppose] <n <m. Any one to 


| 
| (13) 
(14) 
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one mapping carrying n X m matrices into n X m matrices and leaving the 
coherence relation invariant is of the form 
Z, = PZ’°Q+R (15) 


where P (=P) and O(=Q”) are non-singular and R = R”™™, and 
a is an automorphism of the sfield. In case n = m, in addition to (15), we 
have also 

Z, = PZ”"Q+R (16) 
where o is an anti-automorphism of the sfield and Z' is the transposed matrix 
of Z. 

By entirely different methods, Ancochea* and Kaplansky* treated the 
problem of semi-automorphisms under some restrictions. The former 
established the corresponding theorem for a simple algebra over a field of 
characteristic #2, and the later extended it to semi-simple algebra over 
any field. Both of their methods rooted in the structure theory of linear 
algebras, therefore neither of them can be extended to the general case. 


1 Ancochea, G., J. Math., 184, 192-198 (1942). 
2 Ancochea, G., Annals Math., 48, 147-153 (1947). 
3 Kaplansky, I., Duke Math. J., 14, 521-525 (1947). 


LIE RINGS IN PATH SPACE 
By D. D. KosamBI 
TATA INSTITUTE OF FUNDAMENTAL RESEARCH IN BIOLOGY, BOMBAY 


Communicated by Oswald Veblen, May 8, 1949 
1. Instudying the tensor analysis of the system of differential equations 
+ al(x, = 0; 1,2, ..., = de'/dt, ete, (FP) 
their equations of variation 
Ou! = + a’: + alu’ = 0 (1.2) 


have been found to be a prime tool of exploration. The notation used 1s, 
for any function ¢(x, %, ¢), 

dg 

@= = + — (1.3) 

dt oO 


and the tensor summation convention is followed for indices repeated in 
subscript and superscript. 
These equations of variation (1.2) to be regarded as partial differential 


| 


390 MATHEMATICS: D. D. KOSA MBI Proc. N. A. S. 


equations in uw‘ are obtained from (1.1) by the “‘infinitesimal change,” 
F' = x' + u'‘ér, where # and x are supposed to be coérdinates of points on 
“nearby” paths. Thus, 6x‘ = u‘ér and the convention usually adopted is 
6x‘ = ‘dr, which is derived from the assumption dé,— 6d = 0; this ap- 
pears in all classical texts without further clarification. The a‘ are as- 
sumed to be arbitrarily differentiable, which allows an expansion in which 
second and higher powers of the parameter 67 are to be neglected. 

2. The only meaning (unless we fix the basic path in 1.2) that can be 
attached to 6x‘ = w'‘ér is of an infinitesimal transformation of a one- 
parameter Lie group. But the solutions of @u' = 0 are generally functions 
of x, X, £, whence the most general such one-parameter group must be taken 
as operating in the |,41 of ¢, x, X, where X‘ is to be regarded as a fiber- 
bundle attached to a generic point of the base-space defined by codrdinates 
x‘. The only operator which can be used here must necessarily be of ‘‘the 


first extension,"’ 1.e., 


(2.1) 


fe) 
+ 


and the usual infinite series expansion 
T 
XV+... 


can then be obtained, at least symbolically, in the case where the a’ are 
analytic, to which we restrict our entire discussion. Given several distinct 
solutions u', v', w', ... of the equations of variation with the associated 
(extended) operators Y, ), Z, ... the question then naturally arises as to 
the existence of a Lie group, with more than one parameter being formed 
in some way out of these. For this, the alternant x, y} =AT — 1x 
must itself be an operator of the first extension with respect to the paths. 
That is, if 


then — = 0. (2.3) 


ra) 
XY — VX = 
0. 


Purthermore, the Jacobi condition must also be satisfied: 
{X,{¥,Z}} + {¥,{z,x}} + {z, =0 forall X, Y,Z. (2.4) 


After this, we can see whether the solutions of the equations of variation 
form a Lie algebra, and over what fields. 

Direct calculation gives us 

THEOREM 1. Two (extended) operators X, Y associated with vectors u'‘, v' 
alternate to give one of the same type if the vectors concerned are (each) solutions 


| (2:2) 
8% 
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of the equations of variation 6u' = 0 or of u!, = 0. Similarly for the Jacobi 
condition on three operators. 

The proofs can be shortened considerably by noting another result 

THEOREM 2. The solutions of 6u' = O are just those whose associated 
operators permute with the linear operator d/di of 1.3. 

Proof: We have 


Xd/dt — dX dt = 2.5) 
Ox" 


which suffices for the second theorem. To use this result, we may put 
Z= XY — YX, and note that 


dZ/dt — Zd/dt = dX Y dt — dYX dt — X Yd/dt + YXd/dt=0. (2.6) 


The vanishing identically follows from the permutability of d/dt with both 
X and Y, and then proves that YY — VX is also permutable with d/dt, 
whence the associated operator for Z must be formed from the solutions of 
the equations of variation, provided of course it was of the first extension. 
For solutions f u’, = 0, the proof is trivial. Similarly for the Jacobi 
identity. 

THEOREM 3. he solutions of 6u' = O form a vector space which gives a 
Lie ring over the set of functions 9 with ¢ = 0 (i.e., constant along any path) 
and a Lie algebra (and therefore defines a Lie group in the analytic case under 
discusston) over the field of all real constants. 

The latter statement follows from well-known results in Lie groups. 
For the former case, we have merely to note that gu‘ is a solution of the 
equations of variation with u' provided ¢ = 0. However, we only have 
here oX, — (Vy)X, whence we get a ring over the set 
¢ = 0 defined by the vector space of solutions of 6u‘ = 0. The basis of 
the ring is clearly of dimension 2x + 1. For the Lie group, however, if 
we take the most general case, the dimension cannot be finite, and the 
question remains open whether the infinite Lie algebra and group thus 
obtained are equivalent to E. Cartan’s infinite Lie groups. 

3. We now consider the subgroups (over the field of all real constants) 
leaving the base space of the x as well as the paths invariant; the gener- 
ators must now satisfy Ou' Of = 0; u'; = 0; @u'=0. This leads to 

THEOREM 4. The Lie group leaving the base space as well as the paths 
invariant is of order < n(n + 1). 

It suffices to show that the total number of arbitrary parameters in the 
solutions is finite, < n(n + 1) for then these can be specialized to give that 
number of independent basic solutions and the linearity of the equations 
allows a general solution to be formed out of linear combinations of these 
basic solutions. That is, the number of essential parameters being de- 
termined, they can be taken to occur in the linear combinations alone, 
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In this case, we have = and = ui, a’. Now the equa- 
tions du‘ = 0 may be differentiated successively, because of Ou‘ /Ot = 0 to give 
a succession of homogeneous linear conditions on u},, u*. Differentiating 
the equations of variation with respect to x* successively gives on the 
second differentiation an explicit equation for u‘;., and thereafter linear 
homogeneous restrictions in u', «',,.. From the original equations 6u‘ = 0, 
and from the first * derivative thereof, we may therefore eliminate w‘,,,,, 
and obtain two more linear homogeneous restrictions on w',,,4;. The 
problem therefore is reduced to solving a system of first order partial 
differential equations for the variables u‘ and v} = u‘, (adjoining this last 
differential equation to the system), along with linear homogeneous re- 
strictions upon the variables 2}, u*, to which may be added others derived 
from the compatibility conditions. In any case, the solution u' = 2, = 0 
always exists, corresponding to the identity as the sole Lie group for the 
path-space. But it is well known (cf., E. Goursat, chapter | of ‘‘Lecgons 
sur... équations aux dérivées partielles’) that the total number of arbi- 
trary parameters in the general solution is equal to the number of variables 
which cannot be eliminated from the conditions of compatibility and the 
linear restrictions, which in no case can exceed the total original number 
of the variables. Here, that number is » for the u‘ plus n° for the vi, 
proving our theorem. 

It is easy to see that the maximum number of parameters for the group 
may actually be attained. The simplest example is of x' = 0, the paths 
being straight lines. The group is then that of the translations with 
parameters, plus the linear transformations leaving the origin invariant, 
of order n*. In the Riemannian case, for example, as with the equations 
of Killing, something more is demanded, namely the invariance of a 
quadratic form as well, whence the maximum order is half the above. 
For the path-space of straight lines, if we impose, say, a Euclidean metric, 
the group is then translations plus rotations, order n + n(n — 1)/2 = 
n(n + 1)/2. 

4. Further extensions of the previous results are possible in several 
directions, e.g.: 

The group whose generating vectors satisfy only u;; = 0, 6ut = 0, thus 
transforming into itself the space (x, t), while leaving the absolute parameter 
t unchanged, has a number of parameters < n(n + 2). 

The point transformations corresponding to this are Cartan’s group B, 
and their tensor invariants can be found now in an obvious way. The 
proof parallels the above step by step. 

These processes can be carried out also for systems of ordinary differen- 
tial equations of higher order, as well for partial differential equations, the 
sole condition being that they be explicitly soluble for the derivatives of 
highest total order. The d dt operator for ordinary differential equations 
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has to be again defined as total differentiation along the paths, whereas 
for partial differentiation we have as many such operators as there are 
independent variables. We can then prove as before: 

THEOREM 5: The results of theorems 1~3 are valid also for the systems 


d?t yi dx' 
+ at (. x, ‘dt’ ) = Q, (4.1) 


the equations of variation being defined by all those (extended) operators which 
permute with d/dt, itself defined as: 


The maximum number of parameters in the group leaving base-space as well 
as paths invariant cannot then exceed the sum of the first (o + 1) terms of the 
series 
n 1 n(n 1)(m + 2) 4 
n(n + 1), n(n (4.3) 


For partial differential equations, we consider only the second order 
system: 
d2x! a, B 
+ x, p}) = 0; i ji l, 
= 
Here the operators corresponding to d/dt are the set 0, defined by 
= + ~,0/0.r — (4.5) 


THEOREM 6. The equations of variation have as solutions those vectors 
and only those whose associated (extended) operators form the ring that permutes 
with all operators O,. The maximum number of parameters for the group 
leaving base-space and paths invariant cannot exceed n(n + 1), as before. 

The proof is by following the case of ordinary differential equations step 
by step, and the condition for composition of two operators as well as the 
Jacobi condition may be derived by direct calculation. The number of 
parameters is again from considerations of the variation vector u‘ being a 
function of the same number of variables x, as is seen directly from the 
structure of the equations of variation. However, in this case, there are 
also equations of variation for the independent variables /°, and it should 
be made clear that the base-space is of the variables x‘. 

For equations (1.1) which are deducible from a metric, 1.e., the extremals 
of a regular problem of the calculus of variations, we have the following 
formula. If the (inverse) Eulerian equations be abbreviated by 6,f = 0, 
then the result of any operation XY of the base-space group is: 


| 
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6(Xf) = X(6;f) + Wid f + (4.6) 


This shows what would otherwise have been expected: 

THEOREM 7: Jf a metric exists for the paths, it is carried into metric by any 
transformation of the group preserving base space and paths. 

For the simple case x‘ = 0, a general metric is any arbitrary function f(x) 
with the determinant | f.. » * 0, and not containing the x‘ at all. — This 
is carried into another of the type by any linear homogeneous transforma- 
tion, and into itself by any translation. The only possible additive terms 
are necessarily of type dh/dt, where f(x, x) is homogeneous of degree zero 
in X, as can easily be shown. 

It is to be noted, in conclusion, that the conditions of theorem | are not 
necessary. For the alternant of two extended operators associated with 
vectors u, v to give an extended operator the precise condition is 


v',0u" — = 0. (4.7) 


Similarly, the Jacobi condition for three such operators is satisfied if 
and only if 


ui, {v',0w" — w',6o"} + (two more terms by cyclic rotation) = 0. (4.8) 


This shows, in particular, that it even suffices to have one of the two 
vectors a solution of both @u' = 0 and u!; = 0; in the Jacobi condition, 
it is again sufficient for one of the three to satisfy both these equations. 
Thus, the infinitesimal transformations not containing x‘, and in particular 
the subgroup leaving both base-space and paths invariant, have a special 
position. 

The second remark is about the possibility of defining a Lie differential 
operator that carries tensors into others of the same type, but of defining 
it in a manner that can be carried over to more general classes of trans- 
formations, such as those over the entire path-space. To this end, we 
may note that any such transformation may be regarded either as a change 
of variables, or a charge of coérdinates. The (infinitesimal) Lie operation 
gives the difference of the (infinitesimal) changes in any geometric object due 
first to regarding the transformation as a change of variables, and then as a 
change of coordinates. Thus, for the tensor 7; of weight p under trans- 
formations preserving the base-space, we have, when u'; = 0, 


LT} + Tj,.w — Ty’, + + pTju',. (4.9) 


Moreover, there is the infinite series expansion as in (2.2), and we have 
the tensor carried over into another of the same sort, independently of any 
connection that may be assigned to the x-space. The main definition is 
obviously extensible for more general transformations, 
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THE FRECHET VARIATION AND THE CONVERGENCE OF 
MULTIPLE FOURIER SERIES 
By MARSTON Morse AND WILLIAM TRANSUE* 

INSTITUTE FOR ADVANCED STUDY, PRINCETON, NEW JERSEY 
Communicated April 30, 1949 


1. The Fréchet Variation.—The present note is an abstract of results 
whose publication in full will follow. Let R“ denote a Cartesian space 
of points s = [s, ..., s”]. Let a and 6 be two points in R™ with 
a” < (ry = 1, ..., Let J, be an interval for (ry = I, ..., p) 
of one of the forms 


By a p-interval in R™ determined by a and } is meant a Cartesian product 


= Ji > Je X eee xX Ju. (1.2) 


By an r-segment Q’” in R™ is meant a Cartesian product of the form (1.2) 
in which (u — r) of the intervals J, reduce to points while the remaining 
r-intervals J, are as before. (O< 

Conditions PF. Let g be a function mapping a u-interval J“ in R™ into 
R®, Let Q™ be an arbitrary r-segment in J”. If Q™ is closed the 
Fréchet variation P\[g, Q'”] of g over Q” is defined by an obvious ex- 
tension of the definition of Fréchet. See Fréchet or MT (1). If Q™ is 
not closed |g, Q] is taken as the sup tor all closed r- 
segments H ¢ Q”. We say that g satisfies conditions F over Q” if 
P(g, Q] < ©, and if there is an m-section H‘”’ of Q by an m-plane 
parallel to an arbitrary m-face of < m <_r) such that < 

THeorREM 1.1. Jf g. satisfies F over 1 the following is true. The varia- 
tion |g, G] is bounded over all r-segments Q I®. If H™ is any 
open subinterval of I, then P“ |g, Q'| — 0 as the vertices of Q tend in 
IH to any one vertex of I; moreover g(s) tends to a definite “‘sector’’ limit 
as se H™ tends to any vertex of H™. The function g is measurable, and its 
points of discontinuity lie on a countable number of (u — 1)-planes parallel 
to the coordinate planes. See MT (4) and (6). 

Let U™ be the open interval determined by the origin and the point 
with unit codrdinates. Any other open y-interval could be used in place 
of U™ with appropriate change of notation. 

THEOREM 1.2. A function k which satisfies F over U admits an ex- 
tension g over U) with the following properties. The function g is continuous 
at each vertex of U, At each point u on any open r-cell o, of the boundary 
of U™ (r = 1, ..., uw — 1) g(u) is the limit of k(s) as s > uwithse UM a 
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T,—r, where m,—, is the (u — r)-plane orthogonal to o, ats = u. Moreover 
POR, a UM) = (= 


for each r-segment Q in U™ intersecting U. 

2. Sector Functions.—-At each point a in R™ the (u — 1)-planes on 
which s“ = a\?(r = 1, ..., w) divide R™ into 2” open regions or sectors. 
Let S, be any one of these regions. As a varies over R“ we suppose that 
S, remains invariant in orientation and refer to S as a sector type. There 
are 2” sector types. Let g be defined over a general y-interval 7. We 
say that g is S-continuous [S-continuous] at a point a e /™ if S, intersects 
I, and if g(s) g(a) ass > ain S, [S,]. 

THEOREM 2.1. If g satisfies F over U“™ and is S-continuous then g is 
S-continuous. 

If o is one of the r-cells of the boundary of Ll’ we say that a sector type 
S induces a sector type S’ in the r-plane of o, if the sectors S, of R™ 
project orthogonally into the sectors Sj in the r-plane of o. 

TueoreM 2.2. If g satisfies F over U then corresponding to any given 
sector type S in R there exists a function g° with the following properties. 
At each point s of continuity of gin U™, g(s) = g°(s) and g° is S-continuous 
over U. At each vertex a of U, g(a) = g°(a). On each open boundary 
r-cell of U™, and are related as are g and on U™ (relative to 
continuity on 0). Moreover is independent of the sector 
type S, and at most P(g, U™]. 

The properties of g° permit an extension and completion of Fréchet’s 
theorem on bilinear functionals over C X C. We consider the u-fold 
Cartesian product C* of the Banach space C by itself. Let fi, ..., fu be 
elements in C. An element in C* has the form [f1, ..., fu] = f. A fune- 
tional B over C* with values B(f;, ..., fu) will be termed multilinear if B 
is additive and homogeneous in each argument separately and if there 
exists a constant AJ such that for each f € C* 


Ifill ... (2.1) 
At least constant V7 such that (2.1) holds for all f ¢ C* is termed a minimum 
modulus for B.A function g® of type S satisfying F over U™ and vanish- 
ing on the coérdinate planes will be termed canonical of type S. 


THEOREM 2.3. The most general functional B which is multilinear over 
C* has the form of an iterated R-S-integral. 


B(f) = 
So fils) So So' )dwk(s, | (2.2) 


where k 1s canonical of type S and is uniquely determined by B and the sector 
type S. Conversely every integral of the form (2.2) with g¢ canonical of type 


4 
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The order of integration in (2.2) is immaterial. 

The theorem of Fréchet when u = 2 is here completed by the evaluation 
of the minimum modulus, and by the characterization of a unique Rk as 
canonical of type S. 

3. The Convergence of Fourier Series.-We have shown that the classical 
tests (see Gergen) for the convergence of multiple Fourier series generaliz- 
ing the tests of Jordan, de la Vallée, Poussin, Young, Lebesgue, Pollard, 
etc., can be made less restrictive by using the Fréchet variation in place 
of the Vitali variation. A first theorem in y-space generalizing the 
Jordan test is as follows. 

THEOREM 3.1. Jf g satisfies F over a closed -interval J determined by 
the origin and the point {[s, ..., s] = [2n, ..., 2x], and has the period 
2x in each coordinate, then the multiple Fourier series for g converges in the 
sense of Pringsheim to the mean of the 2 sector limits of gata. If g is con- 
tinuous in addition, the convergence 1s uniform. 

In establishing this theorem the second law of the mean is replaced as 
follows. Set g[s(, ..., sM+4, ..., s®] = g’(s) whenever the 
limit implied exists. A function g satisfying * over U™ will be said to 
have null left boundary values if g’(s) = 0 at each boundary point s at 
which s“? = O(r = 1, ..., 4). The basic lemma follows. 

Lemma 3.1. Jf g satisfies F over U™ and has null left boundary values, 
and if f, is in L over |O0, 1], (¢ = 1, ..., w) then 


| Sor... fils). ..., .ds| PM [g, U] 
M,...Ma, 


wlere = sup. | forO<a<b< 1. 
a,b 


Hardy, Krause, Tonelli, Young, Kiisterman and others have given 
extensions for double Fourier series of the tests for simple series. These 
tests are reviewed by Gergen who gives a test Le for double series which 
includes (as he shows) all of the others listed. We are able to weaken the 
conditions in these tests by using the Fréchet variation in place of the 
Vitali variation. It will suffice at this point to show how Gergen’s test 
is altered. Our new test will be denoted by Lyyr. 

The tests concern a function ¢ in Z over the 2-interval (0, 7] X (0, x] 
and give conditions on ¢ that the Dirichlet integral 


¢(s, sin (=) ese sin ese ds dt = o(1) 
0 Jo 26 2 y 2 


for principal variables x > 0, y > 0. Our test Ly, includes the test C. 
of Ly according to which 


ax, vy) = Se” o(s, tds dt = o(xy) [Ci]. (3.1) 


S defines a multilinear B. The minimum modulus of B is P“{k, U™),. 

\ 
| 
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One sets 


Aw(u, v) = o(u + x, — ¢(u, 2) 
Ayw(u, v) = ¢(u,v + y) — ¢(u, v) 
v) = + x,0 + ¥) — + y) — + x, + ou, v). 


To the variables x, y is added a variable k > 0. Relative to these 
variables, orders 0(1), 0(x), 6(y) are defined as by Gergen. Let the Fréchet 
variation of a function F defined over a 2-interval [a, a’] X [b, 6] be de- 


noted by P (: : ) (F). Gergen’s conditions Ly and Le are replaced by 


the following set of conditions 


r—x,y\[aw]_ 
Rx, 0 [22] = a0», 


Although Gergen’s conditions are not so written it will be seen that his 
conditions are obtained if P is replaced by I’ in the above, where |’ stands 
for the Vitali variation. 

The other types of test, Jordan’s, Young's, Pollard’s, de la Vallée 
Poussin’s, ete., are altered by the introduction of P instead of V’ and are 
examined. The implications between these tests remain essentially 
unaltered although the tests become less restrictive because of the use of 
P in place of V. The use of P instead of V requires a basic alteration in 
the non-formal parts of the theory. In particular one no longer uses the 
Jordan decomposition of a function of bounded Vitali variation into the 
difference P — N of monotone functions. A calculus for the Fréchet 
variation of indefinite double integrals is developed. The following are 
significant laws ot this calculus. 

For any F in L over [0, 7] X [0,7] = J set 


F(u,v) = So" So’ tds dt [(u, v) eZ). 
Let [a, a’] X [b, 6’| be any subinterval of / and let f; and f, be continuous 
over [a, a’] and [b, 6’], respectively. Then 
< ax. | aX. | folV) | 


If f is of bounded Jordan variation over [b, 6’] with values f(z), integration 
by parts as to v of an integral 


Laur: 
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So Flu, v) |du do 
is replaced by the following: 


Finally, ifa’ -a = xand0S ams 


| a’ b’ | 
f F(u, v)du dv) < 
iJa b a 


ay + x, b’ 
P (A,F) + P( ) (F). 


A similar law holds with the réles of °x and y interchanged. The last 
formula applies to the processes logically and historically descended from 
the Lebesgue test. 


* The contribution of Dr. Transue to this paper is in partial fulfilment of a contract 
between the Office of Naval Research and the Institute for Advanced Study. 
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ON THE ZEROS OF SUCCESSIVE DERIVATIVES OF ENTIRE 
FUNCTIONS 


By Hans RADSTROM 
INSTITUTE FOR ADVANCED STUDY, PRINCETON, NEW JERSEY 


Communicated by Hermann Weyl, May 31, 1949 


In the reference given below I have proved (Theorem 5.4) that given a 
power series around the origin with finite radius of convergence and such 
that the origin is not a limit point of the zeros of the successive derivatives 
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it is possible to change the arguments of the coefficients without changing 
their moduli in such a way that for the new series the origin is such a limit 
point. On the other hand it is easy to see that the theorem cannot hold 
for all entire functions. The function e* is a counter-example. Namely, 
consider a function wo) + R(z) = wo + wz/l! + wos? 2! + ... where 
= 1; » = 0,1,2,.... Obviously R(z) < e*! — 1. Thus, if < 
log 2 it follows: e* — 1< lor | R(z)| < |wo| and therefore |wo + R(z)| > 0 
yo that no function of the type considered can have a zero in the circle 
's| < log 2. But if one function is of this type then all its derivatives are. 
The object of this note is to extend the theorem quoted above to all entire 
functions of infinite order or of finite order greater than one. This is the 
best possible result with respect to order as the above example shows. 


Tueorem: If h(z) = >> d,s” is an entire function of order p > 1 then 
v=0 


there exist w, with |w,,| = 1 such that for the function k(z) = >> b,w,2" the 


origin 1s a limit point of the zeros of k'” (sz). 
We assume that the conclusion of the theorem does not hold and we 
prove that p< 1. We need several lemmas. 


Lemma I: If f(z) = > a," 1s entire of order p then 
v=0 


Proof: li 6 > O there is nothing to prove because — - < 0. Thus, 
p 


assume 6 < 0. Let 6 > 6 be a negative number. Therefore there is a 


number N with  <  foralln > N. 
n | 

Thus 

| | | | 

_ = | an +2 an +3 Am ) 

lau| < const. N 
(m! 


om 
But the order of > —— .. is . Thus p< —1/@0r@> —1/p which holds 
m(m!)~ 
forany @> 6. Thus6> —1 p. 
Lemma II: Let P bea polynomial in ¢, g2, ..., ¢x, homogenous of degree 
k and with one term = c-g;'. Then for any given set of values of ¢1, ¢2, .. «5 


| 
| 
| 
6 = lim - 
/ log n p 
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gx it ts possible to find numbers ninz...n, with = 1 such that | 


mer) | > 


Proof: Write P = + Qi’ ' + ? + ... + Choose 
m = land yn; = 7,7 = 2,3, ...,% Then A = mee) = 
cor’ + + +... Q,, where Q; is homogenous of degree 
7 iN gs, ..., Thus A is a polynomial in 7 and because of the maxi- 
mum modulus theorem Max|A(n), > |A(O)| which is the required in- 
equality for the choice m = 1; nm. = 3 = ... = ne = no Where no maximizes 
'A(n)| on the circle = 1. 

Now let f be an analytic function such that for 1 > N no derivative 
has a zero in the circle <r. Put f”/n! = fy; f,(O) = a, and 
Tfn+i/fn = Gn. Since f, has no zero within |z| < r, g, is regular there. 
Of the same reason the multivalued expression (f,)'"*" represents 
n + | different analytic function elements in this circle. For every value 
of n choose one of these and denote that function by g,. Then g, is regular 
and #0 in <r. We note that f,’ = (2 + Thus: + 1) 
= = (mn + and therefore we get = OF 


= (1) 


We have also 


en = = 


fn fr’ 


By means of the formulas (1) and (2) we can, step by step, calculate 
any derivative of g,. It is easy to verify the following three statements 
by induction: 

is a product of g, anda polynomial gp, Ontk—1 
with constant coefficients. 

2. P,, is homogenous of degree & in its variables. 

3. The term containing vn in P,, has the coefficient = 
n(2n + 1)...[(R — +k — 2]. 

For reference we sum up these facts in a lemma: 

Lemma III: Let f(z) be analytic and have some neighborhood of the origin 
free from zeros of f(z); n > N. Then 


ay An+1 On+k—1 


where P,, has the above three properties. 
We now proceed to the proof of the theorem. Let A(z) in the theorem 


| 

| 
or 

(k) 
= Pin 
g,(0) 
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be given. If the origin is a limit of zeros of the derivatives, there is nothing 
to prove. Suppose therefore that the origin is not a limit. Then at most 
a finite number of the 6, can be equal to zero, i.e., there is an NV with 5, ¥ 0 
forn > N. Weare going to construct the function k(z). 

1. Let the following ee be given 7, > 0; 6> 0; pa positive 
log | | 


integer and 6 < 6 = lim —— Such a number @ exists for otherwise 


b 
log n 


= —o which implies p = 0(Lemma1). But p> 1. Thus there exists 
a sequence A of natural numbers with 


log | at! | 
—"'forneA (3) 
log n 
2. Consider = The function /(z) is an entire function 
with {R°'(z)| < (12!) for all n, irrespective of the choice of the w,. 
1/(n+1) 
Put =e,. Thus ¢, 0. Further 
n! 
1/(n+1) 


< ¢,for |z| <1 (4) 
n! 


3. For every n > N we determine a number (for example, the smallest 
one) k, with 


p 


and 
€ 1 
(, < 1+6 (6) 
b 1/(n+1) 


Obviously, we can choose a sequence B C A such that if me B then n + 1, 
n+2,...,n+hk, are notin B. Summing up: There exists a sequence 
B = }{n,} with n,4, — , > k,, and such that equations (3), (4), (5) and 
(6) and > N hold for 7 ¢ B. 

4. Consider P,,, ) fora value ne B. According 

b, Dn+ke 

to Lemma III P is homogenous and therefore we can use Lemma II and 
find multipliers 7 =n,n+1,...n+k, — 1, suchthat = and 


kn 


(7) 


i 
t 
| 
(5) 
= 
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In this way for every ne B we get a set of n; determined. It can never 
happen that for the same 7 we get two different determinations of n;, for 
we have chosen the density of B sufficiently small. However, we have 
not necessarily determined n; for every value of 7 = 0, 1, 2, .... For 
those which still remain undetermined we choose any values subject only 
to the restriction |y;| = 1. 
Now put 
wo = Wn; 


i=0 w, 


Wy +1 
—— = 


We let these w, define = b,0,2". 
v=0 


5. Now suppose that there is a number 7; > 0, such that for” > M 
k'”(z) has no zero in |z| < ro. Then the same is true in |z| < r = Min 
(r1; re). It is therefore possible to apply Lemma III to k(z). We use 
the same symbols for k(z) as were used in Lemma III for f(z). According 
to (4) we have |g,(z)| < ¢, for |g < r. Cauchy's formulas then give 
(had | 
< Further |g,(0)| = 


Thus equation (6) gives 
< forn > M (8) 
Rn! 2n(O) r 
| 


6. On the other hand, for » > / and ne B the expression 2,(0) | 


is equal to the left member of (7): 


We observe that | 


( 
| b, | ‘ 


But k, > p (5): 


k ‘k | 
(Rn) ‘ | 
| 
i g,(0) i b, 
— 1)! Combining with (8) we get 
or 
r 
| | 1+ 6 
| + Rn < + Jog ka 
log n log n k, log n 
% 
og | — 
| b, p- r log ky 
log n p log n k, log n 


404 MATHEMATICS: H. RADSTROM Proc. N. A. §, 


This holds for > M; n eB, i.e., for a subsequence of A. But (3) gives 


bn 
log n 


1+6  logk, 


Rn 


p log n 
for an infinity of n, or @< —(p — 1)/p. But this holds for all 6 < 6 and all 
positive integers p. 

Let and ». Thus 6< —1. On the other hand Lemma I 
gives 4 > —1/pand we get p< 1. But p> 1, hence the assumption in 5 
is false, which proves the theorem. 

Dr. A. Dvoretzky has suggested that the conclusion of the theorem might 
be true even if the w, are permitted to take only the values +1 or —1. 
Concerning this problem I have found the following: 

1. The “‘plus-minus” theorem is true for non-entire functions and for 
entire functions of order p = © or p> 2. 

2. It is of course not true for p < 1. 

3. The above method of proof cannot be used without a deeper study 
of the polynomials P,,, because the ‘‘plus-minus’”’ version of Lemma II 
does not hold if Rk > 2. Counter-example for k = 2: P = g,? — g? and 
the given set of values g: = g = 1. 

4. The proof of the ‘‘plus-minus” theorem for p > 2 succeeds by using a 
method very much the same as the above method. The difference is that 
I do not let the numbers , tend to infinity but give them all the value 2 
which makes it possible to use only the polynomial P2, = ¢,[(" + 2)¢n41 — 
ng,| for which the ‘‘plus-minus’’ version of Lemma IT happens to hold. 

5. If the ‘‘plus-minus’’ version of Lemma II can be shown to hold for 
Py», k => 2 then the ‘“‘plus-minus’’ theorem can be proved for p > k/(k — 1). 


Radstrém, H., Arkiv for Matematik, 1, No. 7 (1949). 


Thus 
| ry 
} 
; 
i 
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HOMOTOPY GROUPS OF CERTAIN ALGEBRAIC SYSTEMS 
By P. A. 
CoLUMBIA UNIVERSITY 
Read before the Academy April 25, 1949 


We shall describe an algebraic scheme giving rise to a group p» that 
can be identified as the second homotopy group when the elements entering 
the scheme are suitably interpreted. We consider particularly the group 
po(X) associated with an abstract local group X. 

Let G be a groupoid.! We denote by 7,(g) and 7,(g) the left- and right- 
identities of elements g in G. We call g closed if 7,(g) = 7(g) = 1(g). 
We choose a fixed identity go in G and denote by Gp the group of closed 
elements g such that i(g) = go. 

Let V be a set of closed elements of G together with their inverses and 
identities. Forve V, let G(v) consist of those elements g such that 7,(g) = 
20, 1(g) = 1,(v). Let A = A(G, V) be the totality of formal expressions 


a = (£1 #01)... (Bn Un) 
where n = 1, 1% € I’, g € G(v;). We introduce an associative multiplication 


into A by juxtaposition and a right- and left-neutral element a. We also 
introduce an inversion J (automorphism of period 2) by the rule 


a! = ... (gre %7'). 


Noting that hgeG(v) whenever heGo, geG(v) we see that the elements 
g of Gy operate on A according to the formula 


hea = 1) ... Un). 


We agree that h * a) = dp. 
Let 8 be the mapping A — G, defined as follows: 


Bla) = £10121 
It is evident that 8(A) is a normal subgroup of Gy. Let 
pil A) = Go/ BA. 


We shall see that in certain situations p; can be identified as the first 
homotopy group. In order to define p2. we introduce an equivalence 
relation into A. We require this relation to be multiplicative in the sense 
that a ~ b always implies a,adz ~ aba. The generating relations are: 


~ do (ge G(v)) (1) 
~ B(a1) * A) (2) 


(g U1) (g V2) ~ (3) 
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ghyv~ gx hvh. (4) 


(3) and (4) represent equivalence relations only when the terms are mean- 
ingful. Thus (3) is a relation only when g € G(2) N G(v2), v1 and v2 being 
elements of |’ such that vv2€G. (4) is a relation only when v7, g and h 
are such that ve hvh~'e V, gh eG(v). 

The equivalence classes of A form a multiplicative system Y%. It follows 
from (1) and (3) that aa” ~ a» and consequently YX is a group. It is easy 
to see that 6 induces a homomorphism 


y:A — B(A). 


Let p2(A) be the kernel of y. The group p2(A) is contained in the center 
of %. For suppose that a is the representative in Y of an element of p.(A). 
Then @(a) = go so that aaa’ ~ go x a; = a, for each element a; € A. 

Application to Complexes.—Let S be a set. We form words with the 
elements of S as letters and denote their totality, including the empty 
word, by WW(.S). If Sis a set with inversion J, two words of IV(.S) are called 
word-equivalent if one can be obtained from the other by deletions and 
insertions of syllables of the form ss’, se .S. The word-equivalence classes 
form a group which we denote by F(S). 

Now let A be a connected abstract simplicial complex and let S be the 
totality of the oriented l-simplexes. Let s’ be the element s of S with 
orientation reversed. The paths of AK are representable as elements of 


W(S) and the classes of word-equivalent paths form a groupoid in a well- 
known manner. Let G(A) be this groupoid and let go correspond to a 
fixed vertex of A. Define (A) as follows: an element g of G(A) belongs 
to I(A) if and only if there is a simplex o, of A such that some path 
representing g is composed of 1-simplexes of o,. Let 


A(K) = A(G(K), V(K)) 


Let A* be the universal covering complex of K and let //,(A) denote the 
n-dimensional integral homology group of A based on finite chains. 

THEOREM 1. p,(A*) reduces to the identity; p.(K) = po(K*) = 
If K corresponds to a finite simplicial decomposition of a polytope, p,(K) = 
w(K), = 1, 2. 

Application to Local Groups.—Let E be a set admitting a composition 
function for certain pairs such that when defined, e; © is an 
element of /, and such that 

1. There exists a unique element 1 such that 1 » eande © | are defined 
and equal to e for every ee £; 

2. There exists a unique inversion e — e~! of E such that e > e~! is 
defined and equal to | for every e; 

3, Ife, eis defined, so is 


406 

| 

(| 

palK) = plA(K)) 1,2). 
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4. If e: © @, are defined and if one of the products é2) 3, 
€1 ° (€ © é3) is defined, so is the other and the two products are equal. 

E is called a local group. Let w be a non-empty element of W(£). 
By means of the composition function e ° é: it may be possible to reduce 
w to a single element of / by an insertion of parentheses. If every insertion 
of parentheses is meaningful, we call w a local word. Let L(E) be the 
totality of local words. If we L(/), let u(w) be the element of / to which 
w is reducible; it can be shown that yu(w) is unique. 

By a local subgroup of a local group / we mean any symmetric subset of 
E including the identity, converted into a local group by cutting down the 
composition function of 

Now let X be a local group and let G(X) be the group F(X), X being 
regarded as a set with inversion x —>x~'. Let V(X) be defined as follows: 
an element of g in G(X) belongs to V(X) if and only if g has as representa- 
tive an element win L(X) such that p(w) = 1. Let 


A(X) = A(G(X), V(X)) 
P(X) = p,(A(X)) (nm = 1, 2). 


Let X be a local subgroup of a group Q. We define a subset OLX, Q) 
of F(X) as follows: an element g of F(X) belongs to OCX, Q) if and only if 
g has a representative the product (in Q) of whose letters is the identity of 
Q. We call Q simply connected relative to X if (1) X generates Q and (2) 
OVX, Q) © BAX). 

It is easy to show that the so-called universal covering group of a group 
Q relative to any local subgroup XY which generates Q is simply connected 
relative to Y. 

Let Y, ¥ be local groups with Y a local subgroup of Y. There can be 
defined in an obvious manner an inclusion mapping 7: p,(¥) — pr(X). 
Let 


X) = ¥). 


THEOREM 2. Let Q be an arcwise connected topological group with the 
property that for every nucleus Y there exists a nucleus X such that singular 
1- and 2-spheres in VY are null-homotopic in X. There extst symmetric 
nuclei X and arbitrarily small, such that po X) = m2(Q). 

If Q is a Lie group, it is known® that m(Q) = 0. Hence p( V, X) = 0 
if XY, ¥ are suitable symmetric nuclei of a Lie group. 

Extensions of Local Groups.—Let E, X be local groups. Let @ be a 
mapping of & onto X and let ¢, be the mapping W(/) — W(X) induced 
by ¢. Wecall (£, ¢) an extension of X if (1) = L(X), L(X) = 
L(E); (2) ud(w) = du(w) whenever we L(é). 

Let XY, ¥ be local subgroups of a group Q with Y a local subgroup of X. 
We call an extension (-, ¢) of X extensible over Q from Y if there exists 


408 MATHEMATICS: H. WEYL Proc. N. A. S. 


an extension (7, ¥) of Q such that 7 contains / as local subgroup and 
E. Wecall the pair Y) elementary with respect to Q if every 
extension of X 1s extensible over Q from Y. 

We can now state a group-theoretic equivalent of the condition po( ¥, XY) 
= 0). 

THEOREM 3. Let X, V be local subgroups of a group Q such that (1) ¥ 
is a local subgroup of X; (2) Q ts simply connected relative to Y; (3) X 
contains no elements of order 2. A necessary and sufficient condition that 
(Y, X) be elementary with respect to Q ts that po Y, X) = 0 

With the aid of Theorem 3, it is possible to give a proof of the existence 
of Lie groups in the large based on the vanishing of the second homotopy 
group rather than on the theorem of E. Levi.® The details will appear 
elsewhere. 

! For definition see Reidemeister, Einfuhrung in dic kombinatorische Topologie, p. 27. 

? Although this seems not to be explicitly stated in the literature, it is implied in E. 
Cartan, La topologie des groupes de Lie, p. 13 and pp. 18-23. 

3 See Pontrjagin, Topological Groups, p. 269 (theorem 78). 


INEQUALITIES BETWEEN THE TWO KINDS OF EIGENVALUES 
OF A LINEAR TRANSFORMATION 
By HERMANN WEYL 
THE INSTITUTE FOR ADVANCED Stupy, PRINCETON, NEW JERSEY 
Communicated May 15, 1949 


With a linear transformation A in an 2-dimensional vector space (matrix 
consisting of m X n complex numbers a,;,,) there are connected two kinds 
of eigenvalues: the roots = a, ..., @, of the characteristic polynomial 
— A| of A = unit matrix) and the roots 3 = m, ...,k, of — K 
where A is the Hermitian matrix A4*A composed of A and its Hermitian 
conjugate A*. The «x; are non-negative, and one would naturally compare 
the A; = a, ? with the x,. If A is normal, A*A = AA*, they coincide; 
in general, however, they do not. Arrange the « as well as the \ in de- 
scending order, 


I shall prove the following 
THEOREM. Let ¢(d) be an increasing function of the positive argument 
h, (A) > for O, such that ¢(e*) is a convex function of and 


v(O) = lim g(A) = 0. Then the eigenvalues \; and x; in descending order 


satisfy the inequalities 


i 
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+... + S +... + (m = 1,2,...,), (1) 
in particular 


for any real exponent s > 0. 
According to a familiar argument! 


Ai S (3) 


Indeed the equation Ax = aw has a vector solution x = a + 0: Aa = 
ma, a*A* = hence a*A*Aa = Ha;(a*a) or 


a*Ka = \,(a*a), > 0: 


Since every vector satisfies the inequality x*Ax < m(x*x), (3) follows. 
The linear vector transformation A induces certain linear transforma- 

tions AM, ALI, AM, ..., Al for the space elements (skew-symmetric 

tensors) of rank 1, 2,3, ...,. For instance A‘! = ia}. | is given by 


Ajit, Aiur 
Vex, 
Qiity Ary 


where J and J’ range over the triples (7, k, J) and (7’, k’, 1’) with the re- 
strictions i < k < 1, i’ < k’ < I, respectively. Application of the in- 
equality (3) to these matrices A!!, A™!, ... yields the relations 


(with the equality sign prevailing in the last of them). Everything will 


be settled as soon as I prove the following 
Lemma: Let x;,; (¢@ = 1, ..., m) be non-negative numbers such that 


and 


for any function ¢ of the nature described in the Theorem. 
Of two real numbers a, 8 let max.(a, 8) denote a if a > 8 and @ if 
38> a. Witha variable argument ¢ > 0 form the functions 


m 


f(z) = max.(1,«,s) and g(s) = max.(1, 42). 


= | 
‘ | 
| 
| 
(9) | 
| | 
then 
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Then 
g(z) < f(z) forz > 0. (8) 
Indeed set 
gi(z) = 1 fort = Oand g,(z) = 
and distinguish the intervals {0}, {1}, ..., {m — 1}, {m} as defined by 


Then g(z) = g,(z) for z in {a}. But, because of (6), gi(z) < fi(z) < f(z), 
hence (8) holds in each of the m -+ 1 intervals. 
With an increasing function ¥(z) one can form the Stieltjes integral 


log g(z)-d¥(z) = Yields), (9) 
provided log z.dy(z) converges. Here 
= log max. (1, Az)-dy(z) = > 1 log (Az)-dy(z). (10) 


It is clear how (8) by means of (9) and the corresponding formula for 


f(z) leads to (7). 
Set \ = e&. If ¢(A) = G(£) is a given function satisfying the conditions 
of the Theorem, it can be expressed by means of a non-decreasing function 


G'(t) in the form 
= JE, G'()-dt = — SF, (t — (11) 
(The integration per partes is justified since 
—t.G'(t) <2. G'(r)-dr 


converges to zero fort — ©.) (10) goes over into (11) by the substitu- 


tion z = ¥(z) = —G'(t). 
Of the inequalities (2) thus proved, the most important is the last 
m =n, which is independent of any arrangement of the «x; and \j, 


Its application to A™!, yields the further relations 


< < te 
< 2. Ki Ki,'s (2°) 


where all the indices 7, 72, 73, ... range from 1 ton. Together they state 


n 
that the polynomial Q.(z) = II (1 + A,z) is majorized, coefficient for 


{ 
i 
| 
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coefficient, by the polynomial P,(z) = I (1 + «,’z). In the limit for 
1 


s -% @ they lead back to the relations (4). 

If A is non-singular, A~' has the eigenvalues a;~', and the eigenvalues 
of A*~'A-' coincide with those of A*(A*—'A-')A*—! = A-'A*-! = 
(A*A)~', i.e., with the x;~'. Hence by application of (1) to A~! corre- 
sponding inequalities 


will result for any decreasing function ¢g(A) for which ¢() — 0 with A 
and g(e*) is convex; in particular for g(A) = \* with a negative exponent 
s. This shows that for a non-singular A the inequalities (2’) and also 
(2’’), (2’’’), ... are valid even for s < 0. 

Facts and proofs, except the last remarks which depend on the con- 
sideration of A~', carry over to completely continuous linear operators 
A in Hilbert space, especially to continuous kernels of integral equations. 

Long ago I. Schur proved (2’) for s = 1.? Recently S. H. Chang 
showed in his thesis* that, in the case of integral equations, convergence 
of DK implies convergence of 7 iA. These two facts led me to conjecture 
the relation (2’), at least for s < 1. After having conceived the simple 
idea for the proof, I discussed the matter with C. L. Siegel and J. von 
Neumann; their remarks have contributed to the final form and generality 
in which the results are presented here.‘ 


1 For a generalization of this inequality see A. Loewy and R. Brauer, “Ueber einen 
Satz fiir unitare Matrizen,”” Téhoku Math. Jour., 32, 44-49 (1930), formula (13) on 
p. 48. 

2 Schur, I., ‘‘Ueber die charakteristischen Wurzeln einer linearen Substitution, mit 
einer Anwendung auf die Theorie der Integralgleichungen,’’ Vath. Ann., 66, 488-510 
(1909). 

3 Chang, S. H., “Theory of Characteristic Values and Singular Values of Linear 
Integral Equations,’’ Thesis, Cambridge, England, 1948; also, ‘‘On the Distribution of 
Characteristic Values and Singular Values of L? Kernels,”’ Trans. Am. Math. Soc. (1949). 

4 While this note was in print a result due to J. Karamata, “‘Sur une inégalité relative 
aux fonctions convex,”” Publ. Math. Univ. Belgrade, 1, 145-148 (1932), that comes very 
near to our lemma, was pointed out to me. 
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SEPARATION OF THE VARIABLES IN THE ONE-PARTICLE 
SCHROEDINGER EQUATION IN 3-SPACE 
By LUTHER PFAHLER EISENHART 
FINE HALL, PRINCETON, NEW JERSEY 
Communicated May 7, 1949 


The one-particle Schroedinger equation in Cartesian co6rdinates 
yi = 1, 2, 3) of euclidean 3-space is 


4 =0 1,23), (1) 
i oy? 
where £ is the energy and V the potential. For any orthogonal system 
x, in the space the fundamental quadratic form of the space is 
ds? = 3H; dx;’, (2) 
where 
i Ox; 
For the co6rdinate system x, the above equation is 
Ay 
dx,\H? dx; 
where // is the product of the //;,’s, that is 1 = N//;. If one seeks a solu- 


) + = 0, (3) 


tion of this equation of the form 

(4) 
where X; is a function of x; alone, the equation may be written 


where the primes indicate derivatives. 
A necessary and sufficient condition that the quantity in parentheses 
involve x; at most is that 


H 
— = oy (6) 


where ¢, is a function of x; alone and y; does not involve x; Multiplying 
together the three equations (6) we obtain 


= Vi (7) 


§ 

| 
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and consequently 
Hy? = He? = Hs? = (8) 


If the potential energy in the coérdinate system x; is such that 


R(E-—V)=2 9 
( He (9) 
where f; is a function of x; alone, the equation (5) multiplied by 7 may be 
written in the form 


) = 0, (10) 

in consequence of (6). Consequently for solutions XY, of the ordinary 

differential equations 


+2 X/ =0 (11) 
Fi 
equation (4) is a solution of equation (3). 

Although equation (3) was assumed to be the equivalent of equation 
(1) expressed in terms of an orthogonal system x; in euclidean 3-space, 
the procedure following equation (3) applies to any 3-space whose funda- 
mental quadric form is given by (2) when the //;? are of the form (8). 

In what follows we derive the forms (8) when the 3-space is euclidean. 
A first requirement is the Riemann tensor equation = 7,k 
that is! 


Ox Ox; Ox, Ox, Ox; 

O log log Hy? _ 


From (8) we have 
log Hi? _ 


0, 
Ox jOX, 


so that the condition is 


Olog HPOlog H?  Olog log O log log _ 
Ox; Oxy Ox; Ox, Ox, On; 


If we put 


413 
(13) 
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ay 


where a;; is a function of x; and x, at most, we have from (8) 
$3" 
For these expressions equations (13) are 
Ox3 Ox) Ox; = 0, (16) 
0 log as log an logan _ 
Ox; Ox» Ox» Ox» 
i If the first and second of these equations are multiplied by an Sue 
respectively and added, we obtain 


ox 1 Ox» Ox: OX; Ox 1 


The same result follows if the first and third of equations (16) are multiplied 


and respectively and added; also if the second and 
Ox} 
2 ol 
third are multiplied by and — respectively and added. 
A) 


We consider first the case when none of the terms in (17) is zero. When 
the equation is written in the form 


log ais log asi log 

Ox Ox Ox; 
O log ai log aa log 

Ox, Ox; Ox» 


it is seen that the first and second parts of the first term do not involve 
X3 and X%, respectievly, but combined they involve only x. and x. If, 
then, we put 


a 
2 
| 
4 
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Ologan y, logan _ 
Ox) 


23X92, 


aie —A3X3, 


lo lo 
Ox, 
where X; is a function of x, alone, and a,; of x; and x;, equation (17) is 
satisfied. Substituting these expressions in equations (16), we obtain a 
single condition on the quantities a,;, which may be written in the form 
1 1 1 


23 


Differentiating this equation with respect to x; and x2, we find that — 
Ay 


is the sum of a function of x, and one of x2; similarly for the other two terms 


in this equation. Accordingly we have — = o; — a; as the solutions of 
aij 


this equation. Substituting these expressions in the firstytwo of equations 


(18), we find as the condition of integrability a = — that is X, = noy’, 
02 


X». = no’, where n is a constant. For the other two of equations (18) 
we obtain likewise XY; = no;’. Accordingly, the solution of (18) is ay = 
(o, — o;)", to within a negligible constant factor. From these results 
and (15) we have that by a suitable choice of x; 


He = — — Xx)" j,k #) (19) 
where X; is a function of x; alone. 

If in the first two of equations (18) X; and X» are interchanged, in the 
second two Xs and X3, and in the third X; and X,, one again obtains the 
result (19). 

We consider next the case where ay is a function of x; alone. From 
(17) it follows that a3j is a function of x; alone or a»; of x3 alone. We 


investigate these two cases. 
Qi2 = = T1, where and are functions of xX}. The first 


of equations (16) is satisfied and the other two reduce to 


For o3 = const. we have from (15) by suitable choice of x, 


= o(m), = 


415 
| 
r=) (20) 
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SEPARATION OF THE VARIABLES IN THE ONE-PARTICLE 
SCHROEDINGER EQUATION IN 3-SPACE 


By LUTHER PFAHLER EISENHART 
FINE HALL, PRINCETON, NEW JERSEY 
Communicated May 7, 1949 
The one-particle Schroedinger equation in Cartesian co6érdinates 


y(t = 1, 2, 3) of euclidean 3-space is 


i oy? 
where £ is the energy and V the poteutial. For any orthogonal system 
x, in the space the fundamental quadratic form of the space is 


= SH? dx’, (2) 
where 
Oy; OY; 
H? = =0 
i i Ox; OX, ) 
For the coérdinate system x; the above equation is 
— — — V)y = 0, 3 
H i Ox; ( ( 


where // is the product of the //,’s, that is H = 1H;. If one seeks a solu- 


tion of this equation of the form 


(4) 
where X;, is a function of x; alone, the equation may be written 
— — Rr(E—V)=0, 5 


where the primes indicate derivatives. 
A necessary and sufficient condition that the quantity in parentheses 
involve x, at most is that 
H 
— = ohn (6) 
H? 
where ¢, is a function of x; alone and y; does not involve x;.. Multiplying 
together the three equations (6) we obtain 


H Vu (7) 


| 
| 
i | 
{ 
| 
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and consequently 
Hy? = He? = Hs? = (8) 
If the potential energy in the codrdinate system x; is such that 
R(E-— V) = —— 
( (9) 
where f; is a function of x; alone, the equation (5) multiplied by 1 may be 


written in the form 


i sig (= Pi fi ( ) 


in consequence of (6). Consequently for solutions X, of the ordinary 
differential equations 


, 
+ + = 0 (11) 
equation (4) is a solution of equation (3). 

Although equation (3) was assumed to be the equivalent of equation 
(1) expressed in terms of an orthogonal system x; in euclidean 3-space, 
the procedure following equation (3) applies to any 3-space whose funda- 
mental quadric form is given by (2) when the H,? are of the form (8). 

In what follows we derive the forms (8) when the 3-space is euclidean. 
A first requirement is the Riemann tensor equation = ¥), 
that is! 


log H? OlogH? Olog Olog H,? H;? 


Ox Ox; Ox; Ox; Ox, 
log 0 log H,? _ 
Ox, Ox; 
From (8) we have 
2 2 
0? log Hi? _ 0, (12) 
Ox OX, 


so that the condition is 


Olog H2dlog H2  dlog log H;? log log Hy? 
Ox; Ox, Ox; Ox, Ox, Ox; 


If we put 


(13) 
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23 
h=—, b=—, (14) 


where a;; is a function of x; and x; at most, we have from (8) 


112031 


¥1 


IT? = 


(15) 


For these expressions equations (13) are 


log log ai log =) O log log _ 


re) log 93 log ra) log ra) log a0 log O31 


log an (° log log log 0 log _ 
Ox) Ox2 OX» OXe Ox, 


= 0, (16) 


If the first and second of these equations are multiplied by 0 log au > and 


Ox 1 
0 log ais 


> respectively and added, we obtain 


ra) log ay re) log Q23 ra) log a3) + ra) log ai ra) log 23 re) log Q31 17 


The same result follows if the first and third of equations (16) are multiplied 
re) log ra) log a3 


. respectively and added; also if the second and 
Ox} 


third are multiplied by 
2 


respectively and added. 


We consider first the case when none of the terms in (17) is zero. When 
the equation is written in the form 


log a2 ra) log 31 log Q23 

Ox) Ox; Oxs 0, 
ra) log fa) log 31 ra) log Q23 

Ox) OX 


it is seen that the first and second parts of the first term do not involve 
x3 and %, respectievly, but combined they involve only x2 and x;. If, 
then, we put 


31 
¥2 ¥3 
i 
1 
if 
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log a3 O log _ 
1 1 
Ox3 Ox, 


where X;, is a function of x, alone, and a,; of x; and xj, equation (17) is 
satisfied. Substituting these expressions in equations (16), we obtain a 
single condition on the quantities a;;, which may be written in the form 
1 1 1 
Aye 23 431 
Differentiating this equation with respect to x; and x2, we find that ss 
Aye 
is the sum of a function of x, and one of x.; similarly for the other two terms 


in this equation. Accordingly we have a a; — o, as the solutions of 


aij 
this equation. Substituting these expressions in the first two of equations 
(18), we find as the condition of integrability & = _ that is X; = noy;’, 
02 


Xo = no’, where n is a constant. For the other two of equations (18) 
we obtain likewise XY; = no3’. Accordingly, the solution of (18) is ai = 
(o; — o,)", to within a negligible constant factor. From these results 
and (15) we have that by a suitable choice of x; 


= — x,)* (i,j,k #) (19) 


where X; is a function of x; alone. 

If in the first two of equations (18) X; and X, are interchanged, in the 
second two X2 and X3, and in the third X; and X,, one again obtains the 
result (19). 

We consider next the case where a is a function of x; alone. From 
(17) it follows that as; is a function of x, alone or a»; of x3 alone. We 
investigate these two cases. 

1°. ay = o1, a3, = 71, Where o; and 7; are functions of x;. The first 
of equations (16) is satisfied and the other two reduce to 


ra) log Q23 oy! ra) log 93 
=0 

For a23 = const. we have from (15) by suitable choice of x, 


= H.? = (x1), H;? = (x1). (20) 
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For the other solution 7; = co, we have 
= = = 012%, (21) 
where ays i8 an arbitrary function of x» and x3. 


2°. ay. = 01, @23 = 03. The first and third of equations (16) are satisfied 
by these values and the second reduces to 


os" (= ° 128.) _ O log as 


of which the solution is 


= (ao, + boot(), 
3. 


where a and b are constants and f is an arbitrary function of —. For 
G3 


this case we have 


= Hy = (ao; + bo;)f (2). Hy? = (22) 


If we take ay = o2, that is a function of x2, and proceed as above, we 
obtain results equivalent to the above ones. Hence the cases (19), (20), 
(21) and (22) constitute the possibilities. 

We have yet to apply to these cases the requirement Rj,,;; = 0, that is' 


2 2 2 2 
For the form (20) by a suitable choice of x; we have 
HY = Hf =1, = x;*. (20a) 
For (21) we have 
H?=1, = = (ax, + b)*a5, (21a) 


where a and 6 are arbitrary constants and ag; is subject to the condition 


(= + log oss + 2ataxs = 0. (24) 
For (22) the conditions (23) for? = 2,7 = 1, 3 are 

= + 2dai, = + 2¢e03 (25) 


where c, d and e are constants and f (2) = ————— ". Hence we have 
ao, + bo; 


i} 
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I? = Hy? = eo, + = (22a) 


These values satisfy identically equations (23) for 7 = 1,7 = 3. 
For the expressions (19), the equation (23) fori = 1,7 = 2is 


Xi a5 & Xi X3 j 


When this equation is differentiated with respect to x2, x3 appears in the 
result either in the form (x; — x3)"*!x3 or (x2 — X3)"*1x3. Hence the 
coefficient of x;"** must be equal to zero. This gives the equation 


1 
(i + (n + 3) (x1 — + 2(n 2) + 


+ 1)(%1 — x2) — 2(n + 2) | (27) 


Differentiating this equation once with respect to x2 and twice with respect 


to x), we obtain 
1 1 
2 


Hence each member of this equation is a constant, say 12a. Accordingly 


1 
= + ayxX2? + + a3, + ah 
2(aorr® + + + 63). 


where the a's and 6's are constants. Substituting in (27) we find that 
n= 1,6, Hence, if we put = 1, 2 


Sf (xi) = + ax? + a2x; + as, (28) 


we have that 1/X, = f(x:1) and 1/X_2 = f(x2), and from (26) 1/X3 = f(xs). 
Consequently (19) is of the form 


HZ = (i Xj) Xe) (i, j, x ¥) (19a) 

In 1927 Robertson? considered the equation (5) for an n-space and sought 
the conditions that the //,? must satisfy in order that there be a solution 
of the form ILX, involving n — 1| arbitrary constants other than E such 
that the quantities X, are solutions of ordinary differential equations. 
Assuming equations (8) and that a certain matrix be of rank m he proved 
that it is necessary and sufficient that the quantities /7,? be of the form 
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derived by Stackel in 1891 in seeking a solution of the form YX, of the 
Hamilton-Jacobi equation, the quantities H,? being subject to a certain 


fi 


condition and that V be of the form = 3 where f; is a function of x, at 
1 
most. 


In 1934 I proved that necessary and sufficient conditions that quantities 
H,? be of the Stackel form are* 


log H,? Olog H? 0 log 
Ox; Ox; Ox; Ox; 
log H? 0 log H,? 0 log 0 log H,? 0 log H,? 
Ox 2x, Ox; Ox, Ox; Ox, 

0 log 0 log H,? 

Ox, Ox; 
Since the forms (20a), (21a), (22a) subject to (25), and (19a) satisfy 
(12) and (13), the second set of (29) are satisfied. All of the forms satisfy 


the first set of equations (29) except (21a); in the latter case (2la) is 
replaced by 


= 0, 


= 0. (29) 


H,? = H;* = (ax, + 6)(o2 + o3) (21b) 


where o2 and a; are functions of x2 and x3 respectively. 

In a recent paper‘ there are given the various Stackel forms of //,’, 
corresponding to suitable choices of x; and of the constants in the above 
forms, and the relations of x; and cartesian co6érdinates of the space. In 
particular, (20a) appears as 1; (21b) subject to (24) as II-V; (22a) subject 
to (25) as VI-VIII; (19a) as IX, X. 

When ag; in (21a) is not of the form o2 + ¢3 but any other solution of 
(24) the quantities /7,? are not of the Stackel form. 


! Eisenhart, L. P., Riemannian Geometry, Princeton University Press, p. 119. 

2 Robertson, H. P., ‘“‘Bemerkung iiber separierbare Systeme in der Wellenmechanik,”’ 
Math. Arn., 98, 749-752 (1927). 

3 Eisenhart, L. P., ““Separable Systems of Stackel,”’ Ann. Math., 35, 284-305 (1934). 

* Eisenhart, L. P., ‘Enumeration of Potentials for Which One-Particle Schroedinger 
Equations Are Separable,”” Phys. Rev., 74, 87-89 (1948). 
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PHYSICAL FAMILIES IN CONSERVATIVE FIELDS OF FORCE* 
By EpwarpD KASNER AND JOHN De Cicco 


DEPARTMENTS OF MATHEMATICS, COLUMBIA UNIVERSITY, NEW YORK, AND ILLINOIS 
INSTITUTE OF TECHNOLOGY, CHICAGO 


Communicated May 7, 1949 


1. A system S, of ~* curves in a field of force, where the force vector 
acting at any point of a given region of the plane depends only on the 
position of the point, consists of curves along which a constrained motion 
is possible such that the pressure P is proportional to the normal com- 
ponent N of the force vector. Thus P = kN where k(+ —1) is the 
constant factor of proportionality.' 

There is no loss in generality in assuming that the particle is of unit mass. 
The speed of the particle is denoted by v. The arc length and the radius 
of curvature of a curve C are represented by s and r. The subscript s 
means total differentiation with respect to s, whereas subscripts x and y 
signify partial differentiations. Finally primes denote total differentiation 
with respect to x. 

The equations of motion in intrinsic form of a system S, of ~* curves are 


v = (k + 1)rN, w, = 7, (1) 


where T and N are the tangential and normal components of the force vector. 

The important special cases of physical interest of a system S, are (a) 
dynamical trajectories, k = 0; (b) general catenaries, k = 1; (c) general- 
ized brachistochrones, k = —2, (d) velocity curves, k = ©. 

In (1), it is assumed that k + —landk + ~. Thus, a velocity syste 
S,, which is a limiting case of S, as k becomes infinite must be given separ ‘te 
treatment. A curve C is a velocity curve corresponding to the speed v, .f 
any particle, projected from any point of C in the direction of C with t e 
speed v, describes a trajectory which is initially osculated by C. Ths 
a velocity system S., is defined by the equation 


vw” = rN. (2) 


2. Ina conservative field of force, the work done in traversing a path 
C, namely W = Jc Tds, is independent of the path. Therefore in a 
conservative field of force, the speed v of a particle at a point (x, y) is given 


by the energy equation 


W(x, y) +h, (3) 


where / is the constant of energy. 
The components 7 and N are given by the equations 


& 
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dx dy dx dy 

ds +W, ds ds ds 
In a conservative field of force, the equations (1) admit a first integral 
v = (kR+1)rN = A). (5) 


Therefore a system S,, where k + —1 and k + , ina conservative field of 
force, consists of the integral curves of the second order differential equation 
k 4. 1 W, y'W, 
2 W+h 
By (2), it is found that the system S. of velocity curves in a conservative 
field of force consists of the integral curves of the second order differential 
equation 


” 


(1 + y’?). (6) 


1 


3. Letasurface = of space be mapped conformally upon the given region 
of the plane. The linear element do of is do = p(x, y)ds = p(x, y) (dx? + 
dy?)'*, where u(x, y) > 0. 

The geodesics of = are the extremals of the variation problem 


Suds = min. (8) 


By Euler’s equation, the * geodesics of = are the integral curves of the 
second order differential equation 


1 
y= + 9" *). (9) 


The extremals of a variation problem of the form (8) are said to form 
a natural family. Thus any natural family of the plane consists of the 
integral curves of a second order differential equation of the form (9). 

4. A system S,, where k + —1andk + @, ina conservative field of force 
can be separated into ~' natural families, each defined by the energy constant 
h. These are the extremals of the variation problem 


Sv't!ds = min., or = min. 
This follows from (6) and (9): 
A velocity system S., in a conservative field of force can be separated into 


oo! natural families, each defined by the speed . These are the extremals of 
the variation problem 


ds = min. (11) 


This is evident from (7) and (9) 


| 
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5. Assume that ds is the linear element on a surface ¥ so that 
ds? = E(x, y)dx* + 2F(x, y)dxdy + G(x, y)dy’, (12) 


where £, F, G are defined over a region of the (x, y) plane such that EG — 
F?>0,E>0,G> 0. 

If this ds is used, the extremals of (10) define a system S, on the surface 
¥ and the extremals of (11) define a velocity system S.. on %. The variation 
problem (8) defines a natural family on >. 

If a surface >, is represented on the surface X by a point transformation, 
then all natural families on X, are depicted as natural families on & if and 
only if the representation is conformal. 

The linear element do of ¥; is do = u(x, y)ds, where u(x, y) > 0. 

6. A system 5S, on the surface Y, defined by (10), is represented on the 
surface >, by the variation problem 


Ww + h (k+1)/2 
do = min. (13) 


Hence the ~! related natural families forming a system S, on 2, found by 
varying h, go over by conformal representation into ©! natural families 
which are not usually related, that is, do not form a whole system S, on 


In the homothetic case, 4» = const., every whole system S, of @* curves 


on » becomes a whole system S; (with the same value of k) of ©* curves 
on 2. 

In any non-homothic conformal representation of a surface >, upon a 
surface X, there is a unique conservative force whose whole system S,, (where 
k + —landk + @), on X ts converted into a whole system S, (with the same 
value of k) of some conservative force on X,. The work functions W and 
W, on and X, are 


W = = W, = 1/W, (14) 
except for constant factors. 


There is no whole system S,; on ~ which by the non-homothetic con- 
formal map becomes a whole system .S;, on 2, with k; + k. 

Similar remarks apply to velocity systems. Jn any non-homothetic 
conformal representation of a surface X, upon a surface X, there is a unique 
conservative force whose whole velocity system S. on X is converted into a 
whole velocity system S., of some conservative force on X,. The work functions 
W and W, on & and &, are 


W = W, = log u = log da/ds, (15) 


except for constant factors. 
The work function W of (15) in a conformal representation of one plane 
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upon another plane is a harmonic function. Thus the fields of force 
obtained are inevitably Laplacian. 


* Presented to the American Mathematical Society, 1949. 
1 Kasner, E., ‘Differential Geometric Aspects of Dynamics,’’ 4 mer. Math. Soc. Coll. 
Publ., 1913, 1934, 1948. See series of papers in Trans. Amer. Math. Soc., 7-11, 1906— 


1910. 
2? Kasner, E., ‘‘Physical Curves,”” Proc. Nat. Acap. Sci., 33, 246-251 (1947); and 
additional papers by Kasner and De Cicco in these PROCEEDINGS. 


ADDENDUM 
Bounds for the Solutions of a Second-Order Linear Differential Equation 


It has been brought to the writer’s attention that the first stated result 
of the note published under this title in these PROocEEDINGs, 35, 190-191 
(1949), was proved earlier by Z. Butlewski, see “Sur les intégrales d'une 
équation différentielle du second ordre,’ Mathematica (Cluj), 12, 42 (1936). 

WALTER LEIGHTON 
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In a comservative field of foree, the equations (1) admit a first integral 
+h 


Pherefore a system S,, where land k + ina conservative “eld of 
force, consists of the integral curves of the second order differential equation 
y" = : (th) 
2 
By (2), it is found that the system S ,, of velocity curves in a conservative 

field of force consists of the integral curves of the second order differential 
equation 


1 
y’ = (W, — y’W,)(1 + y’ (7) 


3. Letasurface » of space be mapped conformally upon the given region 
of the plane. The linear element do of do = u(x, = w(x, y) (dx? + 
dy*)'*, where u(x, y) > 0. 

The geodesics of = are the extremals of the variation problem 


Suds = min. (S) 


By Euler’s equation, the ~* geodesics of © are the integral curves of the 
second order differential equation 
] 
= (My — (1 +> (9) 
The extremals of a variation problem of the form (8) are said to form 
a natural family. Thus any natural family of the plane consists of the 
integral curves of a second order differential equation of the form (9). 
4. A system S,, wherek += —1andk + &, ina conservative field of force 
can be separated into ~' natural families, each defired by the energy constant 
h. These are the extremals of the variation problem 


Si t'ds = min, or + h)@t??ds = min. (10) 


This follows from (6) and (9). 
A velocity system S. in a conservative field of force can be separated into 
©! natural families, each defined by the speed v%. These are the extremals of 
the variation problem 


Se" ds = min. (11) 


This is evident from (7) and (9) 
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\ssume that ds os the hnear element on a surface so that 
ds hein, vide’ + videdy + Gix, vidv', 


where G are detined over a region of the ov, plane such that 

Ht this ds as used, the extremals of (10) detine a cvtem S, on the surface 
> and the extremals of (11) define a velocity system Soon XS. The variation 
problem (S) defines a natural family on > 

If a surface %\ ts represented on the surface X by a point transformation, 
then all natural families on S, are depicted as natural families on S if and 
only tf the representation is conforma! 

The linear element do of is do = vids, where wix, vy) > 0 

6. A system S, on the surface Y, defined by (10), is represented on the 
surface Y, by the variation problem 


3 do = min. (13) 


Hence the ©! related natural families forming a system S, on Y, found by 
varying h, go over by conformal representation into ©! natural families 
which are not usually related, that is, do not form a whole system S, on 


_ In the homothetic case, ¢ = const., every whole system S, of © * curves 
on Y becomes a whole system S, (with the same value of k) of © curves 


on 2}. 


In any non-homothic conformal representation of a surface %, upon a 
surface S, there is a unique conservative force whose whole system S,, (where 
k + —landk + ©), on X 1s converted into a whole system S, (with the same 
value of k) of some conservative force on X;. The work functions W and 
on and are 


W = = /W (14) 
except for constant factors. 


There is no whole system S,; on which by the non-homothetic con- 
formal map becomes a whole system S,, on X, with kj + R. 

Similar remarks apply to velocity systems. Jn any non-homothetic 
conformal representation of a surface X, upon a surface X, there is a unique 
conservative force whose whole velocity system S. on = 1s converted into a 
whole velocity system S_., of some conservative force on X;. The work functions 
W and VW, on and are 


W = W, = log w = log da/ds, (15) 


except for constant factors. 
The work function IH of (15) in a conformal representation of one plane 
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upon another plane is a harmonic function. Thus the fields of force 
obtained are inevitably Laplacian. 


* Presented to the American Mathematical Society, 1949. 

Kasner, E., ‘Differential Geometric Aspects of Dynamics,” 4 mer. Math. Soc. Coll. 
Publ., 1913, 1934, 1948. See series of papers in Trans. Amer. Math. Soc., 7-11, 1906- 
1910. 

2? Kasner, E., ‘Physical Curves,’’ Proc. Nat. Acap. Sct., 33, 246-251 (1947); and 
additional papers by Kasner and De Cicco in these PROCEEDINGS. 
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Bliss, Gilbert Ames, 1916 (1), Flossmoor, IIl. 

Bloch, Felix, 1948 (3), Department of Physics, Stanford University, 
Stanford University, Calif. 

Bogert, Marston Taylor, 1916 (5), 1158 Fifth Avenue, Apt. 14B, New 
York 29, 

Bolton, Elmer K., 1946 (5), Department of Chemistry, E. I. du Pont de 
Nemours & Company, Wilmington, Del. 

Boring, Edwin Garrigues, 1932 (12), Memorial Hall, Harvard University, 
Cambridge 38, Mass. 

Bowen, Ira Sprague, 1936 (2), Mount Wilson Observatory, Pasadena 4, 
Calif. 

Bowen, Norman Levi, 1935 (6), Geophysical Laboratory, Carnegie Insti- 
tution of Washington, 2801 Upton Street, N. W., Washington 8, 
De 

Bowman, Isaiah, 1930 (6), Johns Hopkins University, Baltimore 18, Md. 

Bradley, Wilmot Hyde, 1946 (6), United States Geological Survey, Wash- 
ington 25, D.C. 

Breit, Gregory, 1939 (3), Sloane Physics Laboratory, Yale University, 
New Haven, Conn. 
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Bridgman, Percy Williams, 1918 (3), Lyman Laboratory of Physics, 
Harvard University, Cambridge 38, Mass. 

Briggs, Lyman James, 1942 (4), National Bureau of Standards, Washing- 
ton 25, D.C. 

Brink, Royal Alexander, 1947 (7), Department of Genetics, University of 
Wisconsin, Madison 6, Wis. 

Brode, Robert Bigham, 1949 (3), Department of Physics, University of 
California, Berkeley 4, Calif. 

Bronk, Detlev Wulf, 1939 (9), Johns Hopkins University, Baltimore 18, Md. 

Bucher, Walter Hermann, 1938 (6), Department of Geology, Columbia 
University, New York 27, N. Y. 

Buckley, Oliver Ellsworth, 1937 (4), Bell Telephone Laboratories, 463 
West Street, New York 14, N. Y. 

Buddington, Arthur Francis, 1943 (6), Princeton University, Princeton, 
N. J. 

Burkholder, Paul Rufus, 1949 (7), Osborn Botanical Laboratory, Yale 
University, New Haven 11, Conn. 

Bush, Vannevar, 1934 (4), Carnegie Institution of Washington, Washing- 
ton 6, 

Byerly, Perry, 1946 (6), Department of Seismology, University of Cali- 
fornia, Berkeley 4, Calif. 

Campbell, Douglas Houghton, 1910 (7), Stanford University, Stanford 
University, Calif. 

Cannon, Paul Roberts, 1946 (10), Department of Pathology, University of 
Chicago, Chicago 37, II. 

Carlson, Anton Julius, 1920 (9), University of Chicago, Chicago 37, III. 

Carmichael, Leonard, 1943 (12), Tufts College, Medford 55, Mass. 

Castle, William Bosworth, 1939 (10), Boston City Hospital, Boston 18, 
Mass. 

Castle, William Ernest, 1915 (8), 421 Spruce Street, Berkeley 8, Calif. 

Chandler, William Henry, 1943 (7), College of Agriculture, University 
of California, 405 Hilgard Avenue, Los Angeles 24, Calif. 

Chaney, Ralph Works, 1947 (6), Department of Paleontology, Univer- 
sity of California, Berkeley 4, Calif. 

Child, Charles Manning, 1935 (8), Jordan Hall, Stanford University, 
Stanford University, Calif. 

Clark, William Mansfield, 1928 (9), Johns Hopkins Medical School, 710 
North Washington Street, Baltimore 5, Md. 

Clarke, Hans Thacher, 1942 (9), College of Physicians and Surgeons, 630 
West 168th Street, New York 32, N. Y. 

Cleland, Ralph Erskine, 1942 (7), Indiana University, Bloomington, Ind. 

Coble, Arthur Byron, 1924 (1), Haverford College, Haverford, Pa. 

Cobientz, William Weber, 1930 (3), 2737 Macomb Street, N. W., Wash- 
ington 8, D. C. 

Cochrane, Edward Lull, 1945 (4), Department of Naval Architecture and 
Marine Engineering, Massachusetts Institute of Technology, Cam- 
bridge 39, Mass. 
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Coggeshall, Lowell Thelwell, 1949 (10), Division of Biological Sciences, 
University of Chicago, Chicago 37, II. 

Cohn, Edwin Joseph, 1943 (9), Harvard Medical School, Boston 15, Mass. 

Cole, Rufus, 1922 (10), Mt. Kisco, N. Y. 

Compton, Arthur Holly, 1927 (3), Washington University, St. Louis 5, Mo. 

Compton, Karl Taylor, 1924 (3), Research & Development Board, Room 
3E600, Pentagon, Washington 25, D. C. 

Conant, James Bryant, 1929 (5), Harvard University, Cambridge 38, 
Mass. 

Condon, Edward Uhiler, 1944 (3), National Bureau of Standards, Wash- 
ington 25, 

Conklin, Edwin Grant, 1908 (8), Princeton University, Princeton, N. J. 

Coolidge, William David, 1925 (3), 1480 Lenox Road, Schenectady, N. Y. 

Cope, Arthur Clay, 1947 (5), Department of Chemistry, Massachusetts 
Institute of Technology, Cambridge 39, Mass. 

Cori, Carl Ferdinand, 1940 (9), School of Medicine, Washington Univer- 
sity, Euclid Avenue and Kingshighway, St. Louis 10, Mo. 

Cori, Gerty Theresa, 1948 (9), Department of Biological Chemistry, 
School of Medicine, Washington University, Euclid Avenue and 
Kingshighway, St. Louis 10, Mo. 

Corner, George Washington, 1940 (8), Department of Embryology, 
Carnegie Institution of Washington, Wolfe and Madison Streets, 
Baltimore 5, Md. 
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Hill, N.C. 

Crew, Henry, 1909 (3), 620 Library Place, Evanston, III. 
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ration, 30 East 42nd Street, New York 11, N. Y. 

Daly, Reginald Aldworth, 1925 (6), 23 Hawthorn Street, Cambridge 38, 
Mass. 

Danforth, Charles Haskell, 1942 (8), Department of Anatomy, Stanford 
University, Stanford University, Calif. 

Daniels, Farrington, 1947 (5), Department of Chemistry, University of 
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Davis, Bergen, 1929 (3), 44 Morningside Drive, New York 25, N. Y. 

Davis, Hallowell, 1948 (9), Central Institute for the Deaf, 818 South 
Kingshighway, St. Louis 10, Mo. 

Davisson, Clinton Joseph, 1929 (3), Department of Physics, University of 
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Day, Arthur Louis, 1911 (6), 9113 Old Georgetown Road, Bethesda 14, 
Md. 
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N.Y 
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Institute of Technology, Pasadena 4, Calif. 


* Elected a foreign associate in 1931; became member on naturalizatior, 
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Demerec, Milislav, 1946 (8), Department of Genetics, Carnegie Institu- 
tion of Washington, Cold Spring Harbor, N. Y. 

Dempster, Arthur Jeffrey, 1937 (3), University of Chicago, Chicago 37, III. 
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630 West 168th Street, New York 32, N. Y. 

Dobzhansky, Theodosius, 1943 (8), Department of Zoology, Columbia 
University, New York 27, N. Y. 

Dochez, Alphonse Raymond, 1933 (16), Columbia University, Presby- 
terian Hospital, 620 West 168th Street, New York 32, N. Y. 
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Park (Fordham Station), New York 58, N. Y. 

Doisy, Edward Adelbert, 1938 (9), St. Louis University School of Medi- 
cine, 1402 South Grand Boulevard, St. Louis 4, Mo. 

Douglas, Jesse, 1946 (1), 2610 Glenwood Road, Brooklyn 10, N. Y. 

Dryden, Hugh Latimer, 1944 (4), National Advisory Committee for 
Aeronautics, 1724 F Street, N. W., Washington 25, D. C. 

DuBois, Eugene Floyd, 1933 (9), Cornell University Medical College, 
1300 York Avenue, New York 21, N. Y. 

Dubos, René Jules, 1941 (10), Rockefeller Institute for Medical Research, 
66th Street and York Avenue, New York 21, N. Y. 

DuBridge, Lee Alvin, 1943 (3), California Institute of Technology, Pasa- 
dena 4, Calif. 

Duggar, Benjamin Minge, 1927 (7), Lederle Laboratories, Incorporated, 
Pearl River, N. Y. 

Dunbar, Carl Owen, 1944 (6), Peabody Museum, Yale University, New 
Haven, Conn. 

Dunn, Gano, 1919 (4), 80 Broad Street, New York 4, N. Y. 

Dunn, Leslie Clarence, 1943 (8), Columbia University, New York 27, 
N. Y. 

Dunning, John Ray, 1948 (3), Department of Physics, Columbia Uni- 
versity, New York 27, N. Y. 

Durand, William Frederick, 1917 (4), Stanford University, Stanford Uni- 
versity, Calif. 

du Vigneaud, Vincent, 1944 (9), Cornell University Medical College, 
New York 21, N. Y. 

Einstein, Albert, 1942* (3), The Institute for Advanced Study, Princeton, 
N. J. 

Eisenhart, Luther Pfahler, 1922 (1), 25 Alexander Street, Princeton, N. J. 

Elderfield, Robert Cooley, 1949 (5), Department of Chemistry, Columbia 
University, New York 27, N. Y. 
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Epstein, Paul Sophus, 1930 (3), 1484 Oakdale Street, Pasadena 4, Calif. 
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4580 Scott Avenue, St. Louis 10, Mo. 


* Elected a foreign associate in 1922; became member on naturalization, 
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Evans, Griffith Conrad, 1933 (1), Department of Mathematics, Univer- 
sity of California, Berkeley 4, Calif. 

Evans, Herbert McLean, 1927 (9), Institute of Experimental Biology, 
University of California, Berkeley 4, Calif. 

Ewing, William Maurice, 1948 (6), Department of Geology, Columbia 
University, New York 27, N. Y. 

Eyring, Henry, 1945 (5), Graduate School, University of Utah, Salt Lake 
City, Utah 

Fenn, Wallace Osgood, 1943 (9), School of Medicine & Dentistry, 
University of Rochester, 260 Crittenden Boulevard, Rochester 7, 
N. Y. 

Fermi, Enrico, 1945 (3), Institute for Nuclear Studies, University of 
Chicago, Chicago 37, Ill. 

Fieser, Louis Frederick, 1940 (5), Harvard University, Cambridge 38, 
Mass. 

Fleming, John Adam, 1938 (2), Carnegie Institution of Washington, 
1530 P Street, N. W., Washington 5, D. C. 

Fletcher, Harvey, 1935 (4), Bell Telephone Laboratories, Murray Hill, N. J. 

Folkers, Karl August, 1948 (5), Research & Development Division, 
Merck and Company, Incorporated, Rahway, N. J. 

Foote, Paul Darwin, 1943 (4), Gulf Research & Development Company, 
P. O. Drawer, 2038, Pittsburgh 30, Pa. 

Forbes, Alexander, 1936 (9), Harland Street, Milton, Mass. 

Francis, Thomas, Jr., 1948 (10), Department of Epidemiology, School of 
Public Health, University of Michigan, Ann Arbor, Mich. 

Franck, James, 1944 (3), Department of Chemistry, University of Chi- 
cago, Chicago 37, IIl. 

Fred, Edwin Broun, 1931 (7), University of Wisconsin, Madison 6, Wis. 

Fuson, Reynold Clayton, 1944 (5), 263 Noyes Laboratory, University of 
Illinois, Urbana, III. 

Gamble, James Lawder, 1945 (10), 33 Edge Hill Road, Brookline, 
Mass. 

Gasser, Herbert Spencer, 1934 (9), Rockefeller Institute for Medical 
Research, 66th Street and York Avenue, New York 21, N. Y. 
Gesell, Arnold, 1947 (12), Clinic of Child Development, Yale University 
School of Medicine, 14 Davenport Avenue, New Haven, Conn. 
Giauque, William Francis, 1936 (5), University of California, Berkeley 4, 

Calif. 
Gibbs, William Francis, 1949 (4), One Broadway, New York, N. Y. 
Gilliland, Edwin Richard, 1948 (4), Department of Chemical Engineer- 
ing, Massachusetts Institute of Technology, Cambridge 39, Mass. 
Gilluly, James, 1947 (6), Department of Geology, University of Cali- 
fornia, Los Angeles 24, Calif. 
Gilman, Henry, 1945 (5), Department of Chemistry, Iowa State College, 
Ames, Iowa 
Goldschmidt, Richard Benedikt, 1947 (8), Department of Zoology, Uni- 
versity of California, Berkeley 4, Calif. 
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Goodpasture, Ernest William, 1937 (10), Vanderbilt University, Nash- 
ville 4, Tenn. 
Goudsmit, Samuel Abraham, 1947 (3), Theoretical Physics Division, 
Brookhaven National Laboratory, Upton, Long Island, N. Y. 
Graham, Clarence Henry, 1946 (12), Department of Psychology, Colum- 
bia University, New York 27, N. Y. 

Graham, Evarts Ambrose, 1941 (10), Barnes Hospital, 600 South Kings- 
highway, St. Louis 10, Mo. 

Gregory, William King, 1927 (6), American Museum of Natural History, 
77th Street and Central Park West, New York 24, N. Y. 

Gutenberg, Beno, 1945 (6), Seismological Laboratory, 220 North San 
Rafael Avenue, Pasadena 2, Calif. 

Hammett, Louis Plack, 1943 (5), Department of Chemistry, Columbia 
University, New York 27, N. Y. 

Hansen, William Webster, 1949* (3), Department of Physics, Stanford 
University, Stanford, Calif. 

Harkins, William Draper, 1921 (5), University of Chicago, Chicago 37, 
Ill. 

Harrison, Ross Granville, 1913 (8), Osborn Zoological Laboratory, Yale 
University, New Haven, Conn. 

Hart, Edwin Bret, 1944 (9), Biochemistry Building, University of Wis- 
consin, Madison 6, Wis. 

Hartline, Haldan Keffer, 1948 (9), Department of Biophysics, Biological 
Laboratories, Johns Hopkins University, Baltimore 18, Md. 

Hartman, Carl Gottfried, 1937 (S), Ortho Research Foundation, Raritan, 

Harvey, Edmund Newton, 1934 (8), Guyot Hall, Princeton University, 
Princeton, N. J. 

Hastings, Albert Baird, 1939 (9), Department of Biological Chemistry, 
Harvard University Medical School, Boston 15, Mass. 

Heidelberger, Michael, 1942 (10), College of Physicians and Surgeons, 
620 West 168th Street, New York 32, N. Y. 

Herrick, Charles Judson, 1918 (S), 236 Morningside Drive, S. E., Grand 
Rapids, Mich. 

Herty, Charles Holmes, Jr., 1947 (4), Bethlehem Steel Company, In- 
corporated, Bethlehem, Pa. 

Hewett, Donnel Foster, 1937 (6), 1460 Rose Villa Street, Pasadena 4, 
Calif. ; 

Hildebrand, Joel Henry, 1929 (5), Gilman Hall, University of Cali- 
fornia, Berkeley 4, Calif. 

Hilgard, Ernest Ropiequet, 1948 (12), Department of Psychology, Stan- 
ford University, Stanford University, Calif. 

Hisaw, Frederick Lee, 1947 (8), Biological Laboratories, Harvard Uni- 
versity, 16 Divinity Avenue, Cambridge 38, Mass. 

Hoagland, Dennis Robert, 1934 (7), Division of Plant Nutrition, Uni- 
versity of California, Berkeley 4, Calif. 

* Died May 23, 1949. 
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Hooton, Earnest Albert, 1935 (11), Peabody Museum, Harvard Univer- 
sity, Cambridge 38, Mass. 

Hoover, Herbert Clark, 1922 (4), Waldorf Astoria Towers, New York, 

Horsfall, Frank Lappin, Jr., 1948 (10), Hospital of the Rockefeller Insti- 
tute for Medical Research, 66th Street and York Avenue, New York 
21, IN; 

Houston, William Vermillion, 1943 (3), The Rice Institute, Houston, Tex. 

Hovgaard, William, 1929 (4), Countryside, Summit, N. J. 

Hubble, Edwin Powell, 1927 (2), Mount Wilson Observatory, Pasadena, 
4, Calif. 

Hudson, Claude Silbert, 1927 (5), National Institute of Health, Bethesda 
14, Md. 

Huggins, Charles Brenton, 1949 (10), Department of Surgery, Uni- 
versity of Chicago, 950 East 59th Street, Chicago 37, Ill. 

Hulett, George Augustus, 1922 (5), 44 Washington Road, Princeton, N. J. 

Hull, Albert Wallace, 1929 (3), Research Laboratory, General Electric 
Company, Schenectady 5, N. Y. 

Hull, Clark Leonard, 1936 (12), Institute of Human Relations, Yale 
University, 333 Cedar Street, New Haven, Conn. 

Hunsaker, Jerome Clark, 1935 (4), Massachusetts Institute of Tech- 
nology, Cambridge 39, Mass. 

Hunter, Walter Samuel, 1935 (12), Brown University, Providence 12, 
R. I. 

Ipatieff, Viadimir Nikolaevich, 1939 (5), Universal Oil Products Com- 
pany, Riverside, III. 

Ives, Herbert Eugene, 1933 (3), 32 Laurel Place, Upper Montclair, N. J. 

Jacobs, Merkel Henry, 1939 (8), School of Medicine, University of 
Pennsylvania, Philadelphia 4, Pa. 

Jacobs, Walter Abraham, 1932 (5), Rockefeller Institute for Medical 
Research, 66th Street and York Avenue, New York 21, N. Y. 

Jeffries, Zay, 1939 (4), General Electric Company, 1 Plastics Avenue, 
Pittsfield, Mass. 

Jewett, Frank Baldwin, 1918 (4), 3888 Hobart Avenue, Short Hills, N. J. 

Johnson, John Raven, 1948 (5), Department of Chemistry, Cornell Uni- 
versity, Ithaca, N. Y. 
Jones, Donald Forsha, 1939 (7), Box 1106, Department of Genetics, Con- 
necticut Agricultural Experiment Station, New Haven 4, Conn. 
Joy, Alfred Harrison, 1944 (2), Mount Wilson Observatory, Pasadena 4, 
Calif. 

Kasner, Edward, 1917 (1), 430 West 116th Street, New York 27, N. Y. 

Kelley, Walter Pearson, 1943 (6), 120 Hilgard Hall, University of Cali- 
fornia, Berkeley 4, Calif. 

Kelly, Mervin J., 1945 (4), Bell Telephone Laboratories, 463 West Street, 
New York 14, N. Y. 

Kelser, Raymond Alexander, 1948 (10), School of Veterinary Medicine, 
University of Pennsylvania, Philadelphia 4, Pa. 
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Kemble, Edwin Crawford, 1931 (3), Physics Laboratories, Harvard 
University, Cambridge 38, Mass. 

Kettering, Charles Franklin, 1928 (4), General Motors Corporation, De- 
troit 2, Mich. 

Keyes, Frederick George, 1930 (5), Massachusetts Institute of Tech- 
nology, Cambridge 39, Mass. 

Kharasch, Morris Selig, 1946 (5), Department of Chemistry, Univer- 
sity of Chicago, Chicago 37, III. 

Kidde, Alfred Vincent, 1936 (11), 10 Frisbie Piace, Cambridge 38, Mass. 

King, Arthur Scott, 1941 (2), Mount Wilson Observatory, Pasadena 4, 
Calif. 

Kirkwood, John Gamble, 1942 (5), Division of Chemistry, California 
Institute of Technology, Pasadena 4, Calif. 

Kistiakowsky, George Bogdan, 1939 (5), Department of Chemistry, 12 
Oxford Street, Harvard University, Cambridge 38, Mass. 

Knopf, Adolph, 1931 (6), Yale University, New Haven, Conn. 

Kohler, Wolfgang, 1947 (12), Swarthmore College, Swarthmore, Pa. 

Kraus, Charles August, 1925 (5), Brown University, Providence 12, 

Kroeber, Alfred L., 1928 (11), Department of Anthropology, Columbia 
University, New York 27, N. Y. 

Kunkel, Louis Otto, 1932, (7), Rockefeller Institute for Medical Re- 
search, 66th Street and York Avenue, New York 21, N. Y. 

Lamb, Arthur Becket, 1924 (5), Chemical Laboratory, Harvard Uni- 
versity, Cambridge 3S, Mass. 

Lambert, Walter Davis, 1949 (2), P. O. Box 687, Canaan, Conn. 

LaMer, Victor Kuhn, 1945 (5), Department of Chemistry, Columbia 
University, New York 27, N. Y. 

Langmuir, Irving, 1918 (5), General Electric Company, Schenectady 5, 

Larsen, Esper S., Jr., 1944 (6), Geological Museum, Oxford Street, Cam- 
bridge 38, Mass. 

Lashley, Karl Spencer, 1930 (12), Yerkes Laboratories of Primate Biol- 
ogy, Orange Park, Fla. 

Latimer, Wendell Mitchell, 1940 (5), University of California, Berkeley 4, 
Calif. 

Lauritsen, Charles Christian, 1941 (3), California Institute of Tech- 
nology, Pasadena 4, Calif. 

Lawrence, Ernest Orlando, 1934 (3), Radiation Laboratory, University 
of California, Berkeley 4, Calif. 

Lawson, Andrew Cowper, 1924 (6), University of California, Berkeley 4, 
Calif. 

Lefschetz, Solomon, 1925 (1), Fine Hall, 129 Broadmead Street, Prince- 
ton, N. J. 

Leith, Charles Kenneth, 1920 (6), Wardman Park Hotel, Washington 8, 
Duc. 

Leuschner, Armin Otto, 1913 (2), 1816 Scenic Avenue, Berkeley 9, Calif. 


Vo. 35, 1949 N. A. S. ORGANIZATION 433 


Lewis, Howard Bishop, 1949 (9), Department of Biological Chemistry, 
Medical School, University of Michigan, Ann Arbor, Mich. 

Lewis, Warren Harmon, 1936 (8), The Wistar Institute of Anatomy and 
Biology, Philadelphia 4, Pa. 

Lewis, Warren Kendall, 1938 (4), Massachusetts Institute of Technology, 
Cambridge 39, Mass. 

Lind, Samuel Colville, 1930 (5), P. O. Box P, Oak Ridge, Tenn. 

Link, Karl Paul, 1946 (9), Department of Biochemistry, Agricultural Ex- 
periment Station, University of Wisconsin, Madison, Wis. 

Linton, Ralph, 1945 (11), Institute of Human Relations, 333 Cedar Street, 
New Haven 11, Conn. 

Little, Clarence Cook, 1945 (10), Roscoe B. Jackson Memorial Labora- 
tory, Bar Harbor, Me. 

Loeb, Leo, 1937 (10), 40 Crestwood Drive, St. Louis 5, Mo. 

Loeb, Robert Frederick, 1946 (9), College of Physicians and Surgeons, 
620 West 168th Street, New York 32, N. Y. 

Long, Cyril Norman Hugh, 1948 (9), Yale University School of Medicine, 
333 Cedar Street, New Haven 11, Conn. 

Long, Esmond Ray, 1946 (10), Henry Phipps Institute, 7th and Lombard 
Streets, Philadelphia 47, Pa. 
Longcope, Warfield Theobald, 1943 (10), Cornhill Farm, Lee, Mass. 
Longsworth, Lewis Gibson, 1947 (5), Rockefeller Institute for Medical 
Research, 66th Street and York Avenue, New York 21, N. Y. 
Longwell, Chester, Ray, 1935 (6), Kirtland Hall, Yale University, New 
Haven, Conn. 

Loomis, Alfred Lee, 1941 (4), The Loomis Laboratory, Room 
2420, 14 Wall St., New York 5, N. Y. 

Loomis, Francis Wheeler, 1949 (3), Department of Physics, University 
of Illinois, Urbana, 

Lovering, Thomas Seward, 1949 (6), 4065 University Station, Tuscon, 
Ariz. 

Lowie, Robert Harry, 1931 (11), University of California, Berkeley 4, 
Calif. 

Lyman, Theodore, 1917 (3), Research Laboratory of Physics, Harvard 
University, Cambridge 38, Mass. 

McClintock, Barbara, 1944 (7), Carnegie Institution, Cold Spring Harbor, 
Long Island, N. Y. 

McCollum, Elmer Verner, 1920 (9), Gilman Hall, Johns Hopkins Uni- 
versity, Baltimore 18, Md. 

McElvain, Samuel Marion, 1949 (5), Department of Chemistry, Uni- 
versity of Wisconsin, Madison 6, Wis. 

McMillan, Edwin Mattison, 1947 (3), Radiation Laboratory, University 
of California, Berkeley 4, Calif. 

McShane, Edward James, 1948 (1), School of Mathematics, University 
of Virginia, Charlottesville, Va. 

MacInnes, Duncan Arthur, 1937 (5), Rockefeller Institute for Medical 
Research, 66th Street and York Avenue, New York 21, N. Y. 
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Mac Lane, Saunders, 1949 (1), Department of Mathematics, University 
of Chicago, Chicago 37, II. 

MacNider, William deBerniere, 1938 (9), University of North Carolina, 
Chapel Hill, N.C. 

Macelwane, James Bernard, S.J., 1944 (6), 221 North Grand Boulevard, 
St. Louis 8, Mo. 

Mangelsdorf, Paul Christoph, 1945 (7), Botanical Museum, Harvard 
University, Cambridge 38, Mass. 

Marshall, Eli Kennerly, Jr., 1943 (9), School of Medicine, Johns Hopkins 
University, 710 North Washington Street, Baltimore 5, Md. 

Marvel, Carl Shipp, 1938 (5), Department of Chemistry, University of 
Illinois, Urbana, 

Mason, Max, 1923 (3), California Institute of Technology, Pasadena 4, 
Calif. 

Mayall, Nicholas Ulrich, 1949 (2), University of California, Lick Observa- 
tory, Mount Hamilton, Calif. 

Mayer, Joseph Edward, 1946 (5), Department of Chemistry, University 
of Chicago, Chicago 37, Il. 

Maynard, Leonard Amby, 1944 (9), School of Nutrition, Cornell Uni- 
versity, Ithaca, N. Y. 

Mead, Warren Judson, 1939 (6), Massachusetts Institute of Technology, 
Cambridge 39, Mass. 

Meek, Walter Joseph, 1947 (9), Department of Physiology, University 


of Wisconsin, Madison 6, Wis. ‘ 
Mendenhall, Walter Curran, 1932 (6), 9 East Lenox Street, Chevy Chase 
15, Md. 


Menzel, Donald Howard, 1948 (2), Harvard College Observatory, 
Cambridge 38, Mass. 

Merica, Paul Dyer, 1942 (4), 67 Wall Street, New York 5, N. Y. 

Merrill, Elmer Drew, 1923 (7), Arnold Arboretum, Jamaica Plain, Mass. 

Merrill, Paul Willard, 1929 (2), Mount Wilson Observatory, Pasadena 4, 
Calif. 

Metz, Charles William, 1948 (S), University of Pennsylvania, Zoological 
Laboratory, 38th Street and Woodland Avenue, Philadelphia 4, Pa. 

Meyer, Karl Friederich, 1940 (10), George Williams Hooper Foundation, 
University of California Medical Center, San Francisco 22, Calif. 

Meyerhof, Otto, 1949 (9), Department of Physiological Chemistry, The 
School of Medicine, University of Pennsylvania, Philadelphia 4, Pa. 

Michaelis, Leonor, 1943 (9), Rockefeller Institute for Medical Research, 
66th Street and York Avenue, New York 21, N. Y. 

Miles, Walter Richard, 1933 (12), Yale University School of Medicine, 
333 Cedar Street, New Haven 11, Conn. 

Miller, George Abram, 1921 (1), 1203 West Illinois Street, Urbana, II. 

Millikan, Robert Andrews, 1915 (3), California Institute of Technology, 
Pasadena 4, Calif. 

Minot, George Richards, 1937 (10), Thorndike Memorial Laboratory, 
Boston City Hospital, Boston 18, Mass. 
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Mitchell, Samuel Alfred, 1933 (2), Leander McCormick Observatory, 
University Station, Charlottesville, Va. 

Moore, Carl Richard, 1944 (8), University of Chicago, Chicago 37, II. 

Moore, Robert Lee, 1931 (1), University of Texas, Austin 12, Tex. 

Morse, Harold Marston, 1932 (1), The Institute for Advanced Study, 
Princeton, N. J. 

Moulton, Forest Ray, 1910 (2), 3027 N Street, N. W., Washington 7, 

Mueller, John Howard, 1945 (10), Harvard Medical School, 25 Shattuck 
Street, Boston 15, Mass. 

Muller, Hermann Joseph, 1931 (8), Science Hall 101, Indiana University, 
Bloomington, Ind. 

Mulliken, Robert Sanderson, 1936 (3), University of Chicago, Chicago 37, 
Ill. 

Murnaghan, Francis Dominic, 1942 (1), Johns Hopkins University, Bal- 
timore 18, Md. 
Murphy, James Bumgardner, 1940 (10), Rockefeller Institute for Medical 
Research, 66th Street and York Avenue, New York 21, N. Y. 
Nicholas, John Spangler, 1949 (8), Osborn Zoological Laboratory, Yale 
University, New Haven 11, Conn. 

Nicholson, Seth Barnes, 1937 (2), Mount Wilson Observatory, Pasadena 
4, Calif. 

Northrop, John Howard, 1934 (9), Rockefeller Institute for Medical Re- 
search, Princeton, N. J. 

Novy, Frederick George, 1924 (10), 721 Forest Avenue, Ann Arbor, 
Mich. 

Noyes, William Albert, Jr., 1943 (5), Department of Chemistry, Uni- 
versity of Rochester, Rochester 3, N. Y. 

Oncley, John Lawrence, 1947 (9), Department of Physical Chemistry, 
Harvard Medical School, Boston 15, Mass. 

Onsager, Lars, 1947 (5), Sterling Chemistry Laboratory, Yale Univer- 
sity, 225 Prospect Street, New Haven, Conn. 

Opie, Eugene Lindsay, 1923 (10), Rockefeller Institute for Medical Re- 
search, 66th Street and York Avenue, New York 21, N. Y. 

Oppenheimer, J. Robert, 1941 (3), The Institute for Advanced Study, 
Princeton, N. J. 

Osterhout, Winthrop John Vanleuven, 1919 (7), Rockefeller Institute for 
Medical Research, 66th Street and York Avenue, New York 21, N. Y. 

Painter, Theophilus Shickel, 1938 (8), University of Texas, Austin 12, 
Tex. 

Palache, Charles, 1934 (6), Harvard University, Cambridge 38, Mass. 

Parker, George Howard, 1913 (8), Harvard Biological Laboratories, 
Divinity Avenue, Cambridge 38, Mass. 

Patterson, John Thomas, 1941 (8), Department of Zoology, University of 
Texas, Austin 12, Tex. 

Paul, John Rodman, 1945 (10), Yale University School of Medicine 
333 Cedar Street, New Haven 11, Conn. 
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Pauling, Linus, 1933 (5), Crellin Laboratory, California Institute of 
Technology, Pasadena 4, Calif. 

Pegram, George Braxton, 1949 (3), Columbia University, New York 27, 

Peters, John Punnett, 1947 (9), Department of Internal Medicine, Yale 
University School of Medicine, New Haven 11, Conn. 

Pierce, George Washington, 1920 (3), Cruft Laboratory, Harvard Uni- 
versity, Cambridge 38, Mass. 

Piggot, Charles Snowden, 1946 (3), Committee on Geophysical Sciences, 
Research and Development Board, The Pentagon, Room 3D571, 
Washington 25, D.C. 

Pillsbury, Walter Bowers, 1925 (12), University of Michigan, Ann Arbor, 
Mich. 

Pitzer, Kenneth, Sanborn, 1949 (5), Division of Research, U. S. Atomic 
Energy Commission, 1901 Constitution Avenue, Washington 25, D.C. 

Rabi, Isidor Isaac, 1940 (3), Department of Physics, Columbia Univer- 
sity, New York 27, N. Y. 

Raper, Kenneth Bryan, 1949 (7), Northern Regional Research Labora- 
tory, U.S. Department of Agriculture, Peoria 5, Il. 

Reeside, John Bernard, Jr., 1945 (6), Box 177, Hyattsville, Md. 

Reichelderfer, Francis Wilton, 1945 (3), Room 310, U. S. Weather Bu- 
reau, Washington 25, D. C. 

Rhoades, Marcus Morton, 1946 (7), Department of Botany, University 
of Illinois, Urbana, 

Richards, Alfred Newton, 1927 (9), School of Medicine, University of 
Pennsylvania, Philadelphia 4, Pa. 

Richter, Curt Paul, 1948 (12), The Johns Hopkins Hospital, Baltimore 5, 
Md. 

Riddle, Oscar, 1939 (8), Route 4, Plant City, Fla. 

Ritt, Joseph Fels, 1933 (1), Columbia University, New York 27, N. Y. 

Rivers, Thomas Milton, 1934 (19), Rockefeller Institute for Medical Re- 
search, 66th Street and York Avenue, New York 21, N. Y. 

Robbins, William Jacob, 1940 (7), New York Botanical Garden, Bronx 
Park (Fordham Station), New York 58, N. Y. 

Robertson, Oswald Hope, 1943 (10), Department of Medicine, University 
of Chicago, Chicago 37, II. 

Rodebush, Worth Huff, 1938 (5), University of Illinois, Urbana, III. 

Romer, Alfred Sherwood, 1944 (8), Museum of Comparative Zoology, 
Oxford Street, Cambridge 38, Mass. 

Rose, William Cumming, 1936 (9), University of Illinois, Urbana, III. 

Ross, Frank Elmore, 1930 (2), Mount Wilson Observatory, Pasadena 4, 
Calif. 

Rossby, Carl-Gustaf Arvid, 1943 (3), Institute of Meteorology, Uni- 
versity of Chicago, Chicago 37, IIl. 

Rous, Francis Peyton, 1927 (10), Rockefeller Institute for Medical Re- 
search, 66th Street and York Avenue, New York 21, N. Y. 
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Rubey, William Walden, 1945 (6), U. S. Geological Survey, Washington 
25, D. C. 

Ruedemann, Rudolf, 1928 (6), 161 Dana Avenue, Albany 3, N. Y. 

Russell, Henry Norris, 1918 (2), Princeton University, Princeton, N. J. 

Sabin, Florence Rena, 1925 (10), 1333 East 10th Avenue, Denver 3, Colo. 

Saunders, Frederick Albert, 1925 (3), South Hadley, Mass. 

Savage, John Lucian, 1949 (4), 1651 Dahlia Street, Denver 7, Colo. 

Sax, Karl, 1941 (7), Harvard University, Cambridge 38, Mass. 

Scatchard, George, 1946 (5), Department of Chemistry, Massachusetts 
Institute of Technology, Cambridge 39, Mass. 

Schlesinger, Hermann Irving, 1948 (5), Department of Chemistry, 
University of Chicago, Chicago 37, Il. 

Schmidt, Carl Frederic, 1949 (9), Laboratory of Pharmacology, School 
of Medicine, University of Pennsylvania, Philadelphia 4, Pa. 

Schmitt, Francis Otto, 1948 (8), Department of Biology, Massachusetts 
Institute of Technology, Cambridge 39, Mass. 

Schultz, Adolph Hans, 1939 (11), Johns Hopkins Medical School, Balti- 
more 5, Md. 

Schwinger, Julian, 1949 (3), Department of Physics, Harvard University, 
Cambridge 3S, Mass. 

Seaborg, Glenn Theodore, 1948 (5), Department of Chemistry, Univer- 
sity of California, Berkeley 4, Calif. 

Seares, Frederick Hanley, 1919 (2), 351 Palmetto Drive, Pasadena 2, 
Calif. 

Seashore, Carl Emil, 1922 (12), State University of Iowa, Iowa City, 
Iowa 

Shaffer, Philip Anderson, 1928 (9), Washington University Medical 
School, St. Louis 10, Mo. 

Shapiro, Harry Lionel, 1949 (11), Department of Anthropology, American 
Museum of Natural History, Central Park West at 79th Street, 
New York 24, N. Y. 

Shapley, Harlow, 1924 (2), Harvard College Observatory, Cambridge 38, 
Mass. 

Sherman, Henry Clapp, 1933 (9), Columbia University, New York 27, 
N.Y: 

Shope, Richard Edwin, 1940 (10), Box 323, Kingston, N. J. 

Simpson, George Gaylord, 1941 (6), American Museum of Natural His- 
tory, 77th Street and Central Park West, New York 24, N. Y. 
Sinnott, Edmund Ware, 1936 (7), Osborn Botanical Laboratory, Yale 

University, New Haven, Conn. 

Slater, John Clarke, 1932 (3), Massachusetts Institute of Technology, 
Cambridge 39, Mass. 

Slepian, Joseph, 1941 (4), Westinghouse Electric Corporation, East 
Pittsburgh, Pa. 

Slichter, Louis Byrne, 1944 (3), 1446 North Amalfi Drive, Pacific 
Palisades, Calif. 

Slipher, Vesto Melvin, 1921 (2), Lowell Observatory, Flagstaff, Ariz. 
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Small, Lyndon Frederick, 1941 (5), National Institutes of Health, Be- 
thesda 14, Md. 

Smith, Gilbert Morgan, 1948 (7), School of Biological Sciences, Stanford 
University, Stanford University, Calif. 

Smith, Homer William, 1945 (9), 477 First Avenue, New York 16, 
N.Y. 

Smith, Lee Irvin, 1944 (5), School of Chemistry, University of Minne- 
sota, Minneapolis 14, Minn. 

Smith, Paul Althaus, 1947 (1) Department of Mathematics, Columbia 
University, New York 27, N. Y. 

Smith, Philip Edward, 1939 (8), College of Physicians and Surgeons, 
630 West 168th Street, New York 32, N. Y. 

Soderberg, Carl Richard, 1947 (4), Massachusetts Institute of Tech- 
nology, Cambridge 39, Mass. 

Sonneborn, Tracy Morton, 1946 (8), Department of Zoology, Indiana 
University, Bloomington, Ind. 

Spier, Leslie, 1946 (11), P. O. Box 880, Santa Cruz, Calif. 

Stadie, William Christopher, 1945 (9), 821 Maloney Clinic, 36th and 
Spruce Streets, Philadelphia 4, Pa. 

Stadler, Lewis John, 1938 (7), University of Missouri, Columbia, Mo. 

Stakman, Elvin Charles, 1934 (7), University Farm, St. Paul 8, Minn. 

Stanley, Wendell Meredith, 1941 (9), Department of Biochemistry, 
University of California, Berkeley 4, Calif. 

Stebbins, Joel, 1920 (2), Lick Observatory, Mt. Hamilton, Calif. 

Stern, Curt, 1948 (8), Department of Zoology, University of California, 
Berkeley 4, Calif. 

Stern, Otto, 1945 (3), 759 Cragmont Avenue, Berkeley, Calif. 

Stevens, Stanley Smith, 1946 (12), Department of Psychology, Harvard 
University, Cambridge 38, Mass. 

Stewart, George Walter, 1938 (3), State University of Iowa, Iowa City, 
Iowa 

Stock, Chester, 1948 (6), Division of Geological Sciences, California In- 
stitute of Technology, Pasadena 4, Calif. 

Stone, Calvin Perry, 1943 (12), Stanford University, Stanford University, 
Calif. 

Stone, Marshall Harvey, 1938 (1), 313 Eckhart Hall, University of 
Chicago, Chicago 37, IIl. 

Struve, Otto, 1937 (2), Yerkes Observatory, Williams Bay, Wis. 

Sturtevant, Alfred Henry, 1930 (8), California Institute of Technology, 
Pasadena 4, Calif. 

Suits, Chauncey Guy, 1946 (4), Research Laboratory, General Electric 
Company, Schenectady 5, N. Y. 

Sumner, James Batcheller, 1948 (5), New York State College of Agricul- 
ture, Laboratory of Enzyme Chemistry, Cornell University, Ithaca, 
ING 

Sverdrup, Harald Ulrik, 1945 (3), Norsk Polarinstitutt, Observatoriegt. 1, 
Oslo, Norway 
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Swanton, John Reed, 1932 (11), 22 George Street, Newton 58, Mass. 

Taliaferro, William Hay, 1940 (8), University of Chicago, Chicago 37, 
Ill. 

Tate, John Torrence, 1942 (3), University of Minnesota, Minneapolis 14, 
Minn. 

Teller, Edward, 1948 (3), Institute for Nuclear Studies, University of 
Chicago, Chicago 37, II. 

Terman, Frederick Emmons, 1946 (4), School of Engineering, Stanford 
University, Stanford University, Calif. 

Terman, Lewis Madison, 1928 (12), 761 Dolores Street, Stanford Uni- 
versity, Calif. 

Thimann, Kenneth Vivian, 1948 (7), Harvard University, Biological 
Laboratories, 16 Divinity Avenue, Cambridge 38, Mass. 

Thom, Charles, 1937 (7), 207 Grant Street, Port Jefferson, N. Y. 

Thomas, Charles Allen, 1948 (4), Monsanto Chemical Company, 1700 
South Second Street, St. Louis 4, Mo. 

Thomas, Tracy Yerkes, 1941 (1), Swain Hall, Indiana University, Bloom- 
ington, Ind. 

Thorndike, Edward Lee, 1917 (12), Teachers College, Columbia Univer- 
sity, New York 27, N. Y. 

Thurstone, Louis Leon, 1938 (12), University of Chicago, Chicago 37, II. 

Timoshenko, Stephen Prokop, 1940 (4), Room 262, Engineering Build- 
ing, Stanford University, Calif. 

Tolman, Edward Chace, 1937 (12), Department of Psychology, Univer- 
sity of California, Berkeley 4, Calif. 

Tozzer, Alfred Marston, 1942 (11), Peabody Museum, Harvard Univer- 
sity, Cambridge 38, Mass. 

Trumpler, Robert Julius, 1932 (2), Berkeley Astronomical Department, 
University of California, Berkeley 4, Calif. 

Tuve, Merle Antony, 1946 (3), Department of Terrestrial Magnetism, 
Carnegie Institution of Washington, 5241 Broad Branch Road, N. 
W., Washington 15, D. C. 

Tyzzer, Ernest Edward, 1942 (10), 175 Water Street, Wakefield, Mass. 

Urey, Harold Clayton, 1935 (5), Institute for Nuclear Studies, University 
of Chicago, Chicago 37, Ill. 

Vandiver, Harry Shultz, 1934 (1), Department of Applied Mathematics, 
University of Texas, Austin 12, Tex. 

Van Niel, Cornelis Bernardus, 1945 (7), Hopkins Marine Station of Stan- 
ford University, Pacific Grove, Calif. 

Van Slyke, Donald Dexter, 1921 (9), Rockefeller Institute for Medical 
Research, 66th Street and York Avenue, New York 21, N. Y. 

Van Vleck, John Hasbrouck, 1935 (3), Harvard University, Cambridge 
38, Mass. 

Vaughan, Thomas Wayland, 1921 (6), 3333 P Street, N. W., Washington 
7. €. 

Veblen, Oswald, 1919 (1), The Institute for Advanced Study, Princeton, 
Ne 
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Vickery, Hubert Bradford, 1945 (9), Connecticut Agricultural Experiment 
Station, New Haven 4, Conn. 

von Karman, Theodore, 1938 (4), California Institute of Technology, 
Pasadena 4, Calif. 

von Neumann, John, 1937 (1), The Institute for Advanced Study, 
Princeton, N. J. 

Waksman, Selman Abraham, 1942 (7), Agricultural Experiment Station, 
New Brunswick, N. J. 

Walker, John Charles, 1945 (7), 206 Horticulture Building, University of 
Wisconsin, Madison 6, Wis. 

Walsh, Joseph Leonard, 1936 (1), Harvard University, Cambridge 3s, 
Mass. 

Webster, David Locke, 1923 (3), Physics Department, Room 385, Stan- 
ford University, Stanford University, Calif. 

Weiss, Paul Alfred, 1947 (8), Department of Zoology, University of 
Chicago, Chicago 37, Ill. 

Went, Frits Warmolt, 1947 (7), California Institute of Technology, 
Pasadena 4, Calif. 

Werkman, Chester Hamlin, 1946 (9), Department of Bacteriology, Iowa 
State College, Ames, Iowa 

Wetmore, Alexander, 1945 (S), Smithsonian Institution, Washington 25, 
Dac. 

Wever, Ernest Glen, 1940 (12), Princeton University, Princeton, N. J. 

Weyl, Claus Hugo Hermann, 1940 (1), The Institute for Advanced 
Study, Princeton, N. J. 

Whipple, George Hoyt, 1929 (10), School of Medicine and Dentistry, 
University of Rochester, 260 Crittenden Boulevard, Rochester 7, 

Whitehead, John Boswell, 1932 (4), Johns Hopkins University, Balti- 
more IS, Md. 

Whitney, Hassler, 1945 (1), Eliot House N21, Cambridge 38, Mass. 

Whitney, Willis Rodnev, 1917 (5), General Electric Company, Schenec- 
tady 5, N. Y. 

Wigner, Eugene Paul, 145 (3), S Ober Road, Princeton, N. J. 

Williams, Robert R., 1945 (5), 297 Summit Avenue, Summit, N. J. 

Williams, Roger John, 1946 (5), Biochemical Institute, University of 
Texas, Austin 12, Tex. 

Willier, Benjamin Harrison, 1945 (8), Department of Biology, Johns 
Hopkins University, Baltimore 18, Md. 

Wilson, Edgar Bright, Jr., 1947 (5), Harvard University, Department of 
Chemistry, 12 Oxford Street, Cambridge 38, Mass. 

Wilson, Edwin Bidwell, 1919 (3), Harvard School of Public Health, 695 
Huntington Avenue, Boston 15, Mass. 

Wilson, Robert Erastus, 1947 (4), 910 South Michigan Avenue, Chicago 
80, Il. 

Wislocki, George Bernays, 1941 (8), Harvard Medical School, 25 Shat- 
tuck Street, Boston 15, Mass. 
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Wolbach, Simeon Burt, 1938 (10), Department of Pathology, Children’s 
Hospital, 300 Longwood Avenue, Boston 15,: Mass. 

Wood, Robert Williams, 1912 (3), Johns Hopkins University, Baltimore 
18, Md. 

Woodring, Wendell Phillips, 1946 (6), United States Geological Survey, 
Washington 25, D. C. 

Woodworth, Robert Sessions, 1921 (12), Columbia University, New York 
21; 

Wright, Frederick Eugene, 1923 (6), 2134 Wyoming Avenue, N. W., 
Washington 8, D. C. 

Wright, Sewall Green, 1934 (8), Department of Zoology, University of 
Chicago, Chicago 37, Il. 

Wright, William Hammond, 1922 (2), 60 North Keeble Avenue, San Jose 
11, Calif. 

Wulf, Oliver Reynolds, 1949 (5), Weather Bureau Regional Office, Gates 
and Crellin Laboratories, California Institute of Technology, 
Pasadena 4, Calif. 

Wyckoff, Ralph Walter Graystone, 1949 (5), Laboratory of Physical 
Biology, National Institute of Health, Bethesda 14, Md. 

Yerkes, Robert Mearns, 1923 (12), Yale. University School of Medicine, 
333 Cedar Street, New Haven, Conn. 

Yost, Don Merlin Lee, 1944 (5), California Institute of Technology, 
Pasadena 4, Calif. 

Zachariasen, Frederik William Houlder, 1949 (3), Department of Physics 
University of Chicago, Chicago 37, II. 

Zariski, Oscar, 1944 (1), Department of Mathematics, Harvard Uni- 
versity, Cambridge 38, Mass. 

Zworykin, Vladimir Kosma, 1943 (4), 103 Battle Road, Princeton, N. J. 


Number of Members July 1, 1949: 448 


MEMBERS EMERITI 


Benedict, Francis Gano, 1914, Machiasport, Me. 

Dewey, John, 1910, 1158 Fifth Avenue, New York 29, N. Y. 

Dickson, Leonard Eugene, 1913, Route #2, Joliet, Ill. 

Fernald, Merritt Lyndon, 1935, Gray Herbarium, Harvard University, 
Cambridge 38, Mass. 

Hektoen, Ludvig, 1918, Chicago Tumor Institute, 21 West Elm Street, 
Chicago 10, Ill. 

Howard, Leland Ossian, 1916, Bureau of Entomology, U. S. Depart- 
ment of Agriculture, Washington 25, D. C. 

Stratton, George Malcolm, 1928, University of California, Berkeley 4, 
Calif. 
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FOREIGN ASSOCIATES 


The letter in parentheses following the year of election indicates the field 
of scientific research in which the foreign associate was working at the 
time of his election, as follows: 


(A) Mathematics Botany 

(B) Astronomy Zoology and Anatomy 

(C) Physics Physiology and Biochemistry 
(D) Engineering Pathology and Bacteriology 
(E) Chemistry ¢ Anthropology and Psychology 
(F) Geology and Paleontology 


Adrian, Edgar Douglas, 1941 (I), Trinity College, Cambridge, England 

Alexandroff, Paul A., 1947 (A), Mathematical Institute of the Academy 
of Sciences of the U.S.S.R., Bolshaya Kalushskaya 19, Moscow, 
U.S.S.R. 

Bailey, Sir Edward, 1944 (F), 19 Greenhill Gardens, Edinburgh 10, 
Scotland 

Bartlett, Sir Frederic Charles, 1947 (K), University of Cambridge, The 
Psychological Laboratory, Downing Place, Cambridge, England 

Bjerknes, V. (F. K.), 1934 (F), The University, Oslo, Norway 

Bohr, Niels, 1925 (C), Institute for Theoretical Physics, Blegdamsvej 
15, Copenhagen, Denmark 

Bordet, Jules, 1935 (1), Pasteur Institute, Rue du Remorqueur, 28, 
Brussels, Belgium 

Bragg, Sir William Lawrence, 1945 (C), Cavendish Laboratory, The Uni- 
versity, Cambridge, England 

de Broglie, Prince Louis, 1948 (C), 94 Rue Perronet, Neuilly-sur-Seine, 
France 

Cartan, Elie, 1949 (A), University of Paris, Paris, France 

Caso, Alfonso, 1943 (K), Secretaria de Bienes Nacionales e Inspeccion 
Administrativa, Mexico, D. F. 

Chapman, Sydney, 1946 (A), Letters: Queen’s College, Oxford; Printed 
matter: The Mathematical Institute, Oxford, England 

Dale, Sir Henry Hallett, 1940 (I), The Wellcome Trust, 28 Portman 
Square, London, W.1, England 

Debye, Peter, 1931* (C), Baker Laboratory, Cornell University, Ithaca, 
N.Y. 

Dirac, Paul Adrien Maurice, 1949 (A), Department of Matheuatics, St. 
John’s College, Cambridge, England 

Einstein, Albert, 1922+ (C), The Institute for Advanced Study, Princeton, 
N. J. (U.S.A.) 


* Dr Debye became a naturalized citizen in 1946 and a member of the Academy 
in 1947 

+ Dr. Einstein became a naturalized citizen in 1941 and a member of the Academy in 
1942 
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Fisher, Ronald Aylmer, 1948 (H), Department of Genetics, University of 
Cambridge, 44 Storey’s Way, Cambridge, England 

Hadamard, Jacques, 1926 (A), 12, rue Emile Faguet, Paris XIV, France 

Helland-Hansen, Bjérn, 1947 (F), Chr. Michelsens Institutt for Videns- 
cap, Bergen, Norway 

Hill, Archibald Vivian, 1941 (1), 16 Bishopwood Road, Highgate, London, 
N.6, England 

Hill, James Peter, 1940 (H), Kanimbla, Dollis Avenue, London N.3, 
England 

Houssay, Bernardo Alberto, 1940 (I), Viamonte 2790, Buenos Aires, 
Argentina 

Jeffreys, Harold, 1945 (B), St. John’s College, Cambridge, England 

Jones, Sir Harold Spencer, 1943 (B), Royal Observatory, Greenwich, 
London, S.E.10, England 

Kapitza, Peter Leonidovich, 1946 (C), Institute for Physical Problems, 
Academy of Sciences of the U.S.S.R., Moscow, U.S.S.R. 

Karrer, Paul, 1945 (E), University of Zurich, Zurich, Switzerland 

Keith, Sir Arthur, 1941 (I, K), Buckston Browne Farm, Downe, Farn- 
borough, Kent, England 

Krogh, August, 1937 (H), The Laboratory, Sébredden, Gentofte, Denmark 

Levi, Giuseppe, 1940 (H), Instituto di Anatomia Umana, Corso Massimo 
D’Azeglio, 52, Turin, Italy 

Lim, Robert K. S., 1942 (I), Army Medical Administration, Municipal 
Government, Shanghai, China 

Linderstrgm-Lang, Kaj Ulrik, 1947 (E), Chemical Division, Carlsberg 
Laboratory, Copenhagen, Denmark 

Lyot, Bernard Ferdinand, 1949 (B), 9 bis rue Boileau, Paris 16, France 

Pieron, Henri, 1949 (K), Institute of Psychology, University of Paris, 
Paris, France 

Robinson, Sir Robert, 1934 (E), Dyson Perrins Laboratory, South Parks 
Road, Oxford, England 

Ruzicka, Leopold, 1944 (E), Department of Organic Chemistry, Institute 
of Technology, Zurich, Switzerland 

Sherrington, Sir Charles Scott, 1924 (I), Gonville and Caius College, 
Cambridge, England 

Sommerfeld, Arnold, 1929 (C), Dunant-strasse 6, Munich 23, Germany 

Southwell, Richard Vynne, 1943 (D), Imperial College of Science and 
Technology, South Kensington, London, $.W.7, England 

Svedberg, The, 1945 (E), Fysikalisk-Kemiska Institutionen, University of 
Uppsala, Uppsala, Sweden 

Taylor, Sir Geoffrey I., 1945 (A), Trinity College, Cambridge, England 

Tiselius, Arne W. K., 1949 (I), Institute of Biochemistry, Uppsala 
University, Uppsala, Sweden 

Vallee-Poussin, C. de la, 1929 (A), University of Louvain, Louvain, Bel- 
gium 

Vening Meinesz, Felix Andries, 1939 (F), Potgieterlaan 5, Amersfoort, 
Holland 
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Watson, D. M. S., 1938 (H), University College, Gower Street, London, 
W.C.1, England 

Wieland, Heinrich, 1932 (E), Sophienstrasse 9, Munich 2 NW, Germany 

Winge, Ojvind, 1949 (I), Department of Physiology, Carlsberg Labora- 
tory, Copenhagen (Valby), Denmark 

Yukawa, Hideki, 1949 (C), The Institute for Advanced Study, Princeton, 
N. J. After Oct. 1, 1949: Department of Physics, Columbia Uni- 
versity, New York 27, N. Y. (U.S. A.) 


Number of Foreign Associates July 1, 1949: 45. 


If a foreign associate becomes a member of the Academy his name is not counted in 
the limit of 50 foreign associates. 


SECTIONS 
(1) Mathematics—27 members 

Zariski, Oscar, Chair- Kasner, Edward Smith, Paul A. 

man (1952) Lefschetz, Solomon Stone, M. H. 
Albert, A. A. McShane, E. J. Thomas, T. Y. 
Alexander, J. W. Mae Lane, Saunders Vandiver, H. S. 
Bell, E. T. Miller, G. A. Veblen, Oswald 
Bliss, G. A. Moore, R. L. von Neumann, John 
Coble, A. B. Morse, Marston Walsh, J. L. 
Douglas, Jesse Murnaghan, F. D. Weyl, Hermann 
Eisenhart, L. P. Ritt,; J.-F. Whitney, Hassler 


Evans, G. C. 


(2) Astronomy—27 members 

Mitchell, S. A., Chatr- Joy, A. H. Ross, F. E. 

man (1950) King, A. S. Russell, H. N. 
Abbot, C.:G. Lambert, W. D. Seares, F. H. 
Adams, W. S. Leuschner, A. O. Shapley, Harlow 
Aitken, R. G.: Mayall, N. U. Slipher, V. M. 
Anderson, J. A. Menzel, D. H. Stebbins, Joel 
Babcock, H. D. Merrill, P. W. Struve, Otto 
Bowen, I. S. Moulton, F. R. Trumpler, R. J 
Fleming, J. A. Nicholson, S. B. Wright, W. 4. 


Hubble, E. P. 
(3) Physics—65 members 


Beams, J. W., Chair- Birge, R. T. Condon, FE. U. 
man (1951) Bjerknes, Jacob Coolidge, W. 5. 
Allison, S. kK. Bloch, Felix Crew, l.enr+ 
Alvarez, L. W. Breit, Gregory Davis, Bergen 
Anderson, C. D. Bridgman, P. W. Davisson, C. J. 
Bacher, R. F. Brode, R. B. Dempster, A. J. 
Bainbridge, K. T. Coblentz, W. W. DuBridge, L. A. 
Berkner, L. V. Compton, A. H. Dunning, J. R. 


Bethe, H. A. Compton, kK. T. Einstein, Albert 
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Epstein, P. S. 
Fermi, Enrico 
Franck, James 
Goudsinit, S. A. 
Houston, W. V. 
Hull, A. W. 

Ives, H. E. 
Kemble, E. C. 
Lauritsen, C. C. 
Lawrence, E. O. 
Loomis, F. W. 
Lyman, Theodore 
MeMillan, E. M. 


(4) 


Dryden, H. L., Chair- 
man (1950) 
Adams, C. A. 
Briggs, L. J. 
Buckley, O. E. 
Bush, Vannevar 
Cochrane, E. L. 
Curme, G. O., Jr. 
Dunn, Gano 
Durand, W. F. 
Fletcher, Harvey 
Foote, P. D. 


Latimer, W. M., Chair- 
man (1950) 
Adams, L. H. 
Adams, Roger 
Adkins, Homer 
Bachmann, W. E. 
Bancroft, W. D. 
Bartlett, P. D. 
Baxter, G. P. 
Bogert, M. T. 
Bolton, E. Kk. 
Conant, J. B. 
Cope, A. C. 
Daniels, Farrington 
Debye, Peter 
Elderfield, R. C. 
Eyring, Henry 
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Mason, Max 
Millikan, R. A. 
Mulliken, R. S. 
Oppenheimer, J. R. 
Pegram, G. B. 
Pierce, G. W. 
Piggot, C. S. 

Rabi, I.. 
Reichelderfer, F. W. 
Rossby, C.-G. 
Saunders, F. A. 
Schwinger, Julian 
Slater, J. C. 


Slichter, L. B. 
Stern, Otto 
Stewart, G. W. 
Sverdrup, H. U. 
Tate 
Teller, Edward 
Tuve, M. A. 

Van Vleck, J. H. 
Webster, D. L. 
Wigner, E. P. 
Wilson, Edwin B. 
Wood, R. W. 
Zachariasen, W. H. 


Engineering—35 members 


Gibbs, W. F. 
Gilliland, E. R. 
Herty, C.. H., Jr- 
Hoover, Herbert 
Hovgaard, William 
Hunsaker, J. C. 
Jeffries, Zay 
Jewett, F. B. 
Kelly, M. J. 
Kettering, C. F. 
Lewis, W. K. 
Loomis, A. L. 


Chemistry—62 members 


Fieser, L. F. 
Folkers, Karl 
Fuson, R. C. 
Giauque, W. F. 
Gilman, Henry 
Hammett, L. P. 
Harkins, W. D. 
Hildebrand, J. H. 
Hudson, C. S. 
Hulett, G. A. 
Ipatieff, V. N. 
Jacobs, W. A. 
Johnson, J. R. 
Keyes, F. G. 
Kharasch, M. S. 
Kirkwood, J. G. 
Kistiakowsky, G. B. 


Merica, P. D. 
Savage, J. L. 
Slepian, Joseph 
Soderberg, C. R. 
Suits, C. G. 
Terman, F. E. 
Thomas, C. A. 
Timoshenko, Stephen 
von Karman, T. 
Whitehead, J. B. 
Wilson, R. E. 
Zworykin, V. K. 


Kraus, C. A. 

La Mer, V. K. 
Lamb, A. B. 
Langmuir, Irving 
Lind, S. €: 
Longsworth, L. G. 
McElvain, S. M. 
MacInnes, D. A. 
Marvel, C. S. 
Mayer, J. E. 
Noyes, W. A., Jr. 
Onsager, Lars 
Pauling, Linus 
Pitzer, K. S. 
Rodebush, W. H. 
Scatchard, George 
Schlesinger, H. I. 
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Seaborg, G. T. Urey, H.C. Wilson, E. Bright, Jr. 
Small, L. F. Whitney, W. R. Wulf, O. R. 
Smith, L. I. Williams, Robert R. Wyckoff, R. W. 
Sumner, J. B. Williams, Roger J. Yost, D. M. 
(6) Geology—37 members 

Rubey, W. W., Chair- Day, A. L. Lovering, T. S. 

man (1951) Dunbar, C. O. Macelwane, J. B. 
Allen, E. T. Ewing, Maurice Mead, W. J. 
Berkey, C. P. Gilluly, James Mendenhall, W. C. 
Blackwelder, Eliot Gregory, W. K. Palache, Charles 
Bowen, N. L. Gutenberg, Beno Reeside, J. B., Jr. 
Bowman, Isaiah Hewett, D. F. Ruedemann, Rudolf 
Bradley, W. H. Kelley, W. P. Simpson, G. G. 
Bucher, W. H. Knopf, Adolph Stock, Chester 
Buddington, A. F. Larsen, E. S., Jr. Vaughan, T. W. 
Byerly, Perry Lawson, A. C. Woodring, W. P. 
Chaney, R. W. Leith, C. K. Wright, F. E. 
Daly, R. A. Longwell, C. R. 

(7) Botany—37 members 

Cleland, R. E., Chair- Delbriick, Max Robbins, W. J. 

man (1950) ° Dodge, B. O. Sax, Karl 
Allen, C. E. Duggar, B. M. Sinnott, E. W. 
Babcock, E. B. Fred, E. B. Smith, Gilbert M. 
Bailey, I. W. Hoagland, D. R. Stadler, L. J. 
Bailey, L. H. Jones, D. F. Stakman, E. C. 
Beadle, G. W. Kunkel, L. O. Thimann, K. V, 
Blakeslee, A. F. McClintock, Barbara Thom, Charles 
Brink, R. A. Mangelsdorf, P. C. Van Niel, C. B. 
Burkholder, P. R. Merrill, E. D. Waksman, S. A. 
Campbell, D. H. Osterhout, W. J. V. Walker, J. C. 
Chandler, W. H. Raper, K. B. Went, F. W. 
Couch, J. N. Rhoades, M. M. 

(8) Zoology and Anatomy—39 members 

Romer, Alfred S., Dobzhansky, Theo- Metz, C. W. 

Chairman (1952) dosius Moore, C. R. 
Bartelmez, G. W. Dunn; LC. Muller, H. J. 
Bigelow, H. B. Goldschmidt, R. B. Nicholas, J. S. 
Castle, W. E. Harrison, R. G. Painter, T. S. 
Child, C. M. Hartman, C. G. Parker, G. H. 
Conklin, E. G. Harvey, E. N. Patterson, J. T. 
Corner, G. W. Herrick, C. J. Riddle, Oscar 
Danforth, C. H. Hisaw, F. L. Schmitt, F. O. 
Demerec, Milislav Jacobs, M. H. Smith, Philip E. 
Detwiler, S. R. Lewis, W. H. Sonneborn, T. M. 
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Stern, Curt 
Sturtevant, A. H. 
Taliaferro, W. H. 
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Weiss, Paul 


Wetmore, Alexander 


Willier, B. H. 


Wislocki, G. B. 
Wright, Sewall 


(9) Physiology and Biochemistry—48 members 


Doisy, E. A., Chair- 


man (1951) 
Anderson, R. J. 
Ball, E. G. 
Bard, Philip 
Bronk, D. W. 
Carlson, A. J. 
Clark, W. M. 
Clarke, H. T. 
Cohn, E. J. 
Cori, Carl F. 
Cori, Gerty T. 
Davis, Hallowell 
DuBois, E. F. 


du Vigneaud, Vincent 


Elvehjem, C. A. 
Erlanger, Joseph 


Evans, H. M. 
Fenn, W. O. 
Forbes, Alexander 
Gasser, H. S. 

Hart, E. B. 
Hartline, H. K. 
Hastings, A. B. 
Lewis, H. B. 

Link. 

Loeb, R. F. 

Long, C. N. H. 
McCollum, E. V. 
MaceNider, W. deB. 
Marshall, E. K., Jr. 
Maynard, L. A. 
Meek, W. J. 


Meyerhof, Otto 
Michaelis, Leonor 
Northrop, J. H. 
Oncley, J. L. 
Peters, J. P. 
Richards, A. N. 
Rose, W. C. 
Schmidt, C. F. 
Shaffer, P. A. 
Sherman, H. C. 
Smith, Homer W. 
Stadie, W. C. 
Stanley, W. M. 
Van Slyke, D. D. 
Vickery, H. B. 
Werkman, C. H. 


(10) Pathology and Bacteriology—3S members 


Dochez, A. R., Chair- 


man (1951) 
Addis, Thomas 
Armstrong, Charles 
Avery, O. T. 

Blake, F. G. 
Blalock, Alfred 
Cannon, P. R. 
Castle, W. B. 
Coggeshall, L. T. 
Cole, Rufus 

Dubos, R. J. 
Francis, Thomas, Jr. 


(11) 
Linton, Ralph, Chair- 


man (1951) 
Hooton, A. 
Kidder, A. V. 


Gamble, J. L. 
Goodpasture, E. W. 
Graham, E. A. 


Heidelberger, Michael 


Horsfall, F. L., Jr. 
Huggins, C. B. 
Kelser, R. A. 
Esttle,C: €; 
Loeb, Leo 

Long, E. R. 
Longcope, W. T. 
Meyer, K. F. 
Minot, G. R. 


Mueller, J. Howard 
Murphy, J. B. 
Novy, F. G. 

Opie, E. L. 

Paul, J. R. 

Rivers, T. M. 
Robertson, O. H. 
Rous, Peyton 
Sabin, Florence R. 
Shope, R. E. 
Tyzzer,; E. E. 
Whipple, G. H. 
Wolbach, S. B. 


Anthropology—10 members 


Kroeber, A. L. 
Lowie, R. H. 

Schultz, A. H. 
Shapiro, H. L. 


Spier, Leslie 
Swanton, J. R. 
Tozzer, A. M. 
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(12) Psychology—23 members 


Boring, E. G., Chair- Hunter, W. S. Stone, C. P. 

man (1950) Kohler, Wolfgang Terman, L. M. 
Beach, F. A. Lashley, K. S. Thorndike, E. L. 
Carmichael, Leonard Miles, W. R. Thurstone, L. L. 
Gesell, Arnold Pillsbury, W. B. Tolman, E. C. 
Graham, C. H. Richter, C. P. Wever, E. G. 
Hilgard, EF. R. Seashore, C. E. Woodworth, R. S. 
Hull, C. L. Stevens, S. S. Yerkes, R. M. 


Temporary Nominating Group on Geophysics—1942-51 
30 members 


John A. Fleming, Chairman 


Mathematics: F. D. Murnaghan. 

Astronomy: C. G. Abbot, J. A. Fleming, Walter D. Lambert, Harlow 
Shapley. 

Physics: L. V. Berkner, Jacob Bjerknes, P. W. Bridgman, A. H. Compton, 
C. S. Piggot, F. W. Reichelderfer, C.-G. Rossby, L. B. Slichter, H. U. 
Sverdrup. 

Engineering: L. J. Briggs, J. C. Hunsaker. 

Chemistry: L. H. Adams, S. C. Lind, Oliver R. Wulf. 

Geology: Isaiah Bowman, Perry Byerly, Arthur L. Day, Maurice Ewing, 
Beno Gutenberg, Adolph Knopf, J. B. Macelwane, T. Wayland Vaughan, 
F. E. Wright. 

Botany: S. A. Waksman. 

Zoology and Anatomy: H. B. Bigelow. 


Temporary Nominating Group on Medicine —1949 
23 members 
Warfield T. Longcope, Chairman 


Zoology and Anatomy; George W. Corner, William H. Taliaferro, George 
B. Wislocki. 

Physiology and Biochemistry: A. J. Carlson, Eugene F. DuBois, Wallace 
O. Fenn, Herbert S. Gasser, C. N. H. Long, W. deB. MacNider, 
Walter J. Meek, Homer W. Smith, William C. Stadie. 

Pathology and Bacteriology: Francis G. Blake, W. B. Castle, L. T. 
Coggeshall, Evarts A. Graham, Michael Heidelberger, Charles Hug- 
gins, Warfield T. Longecope, Thomas M. Rivers, O. H. Robertson, 
Peyton Rous, George H. Whipple. 
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COMMITTEES 
Auditing 
John B. Reeside, Jr., Chairman; Charles S. Piggot, Merle A. Tuve. 


Biographical Memoirs 


Alfred N. Richards, Chairman, ex officio, President of the Academy. 
Chairmen of Sections of the Academy. 


Buildings and Grounds Advisory Committee 


(Joint Committee of che Academy and Research Council) 
G. D. Meid, Chairman; Detlev W. Bronk (NAS), R. C. Gibbs (NRC), 
L. H. Weed (NRC), F. E. Wright (NAS). 


Exhibits 
(Joint Committee of the Academy and Research Council) 
F. E. Wright, Chairman; Harlow Shapley, member-at-large. 
Chairmen of Sections of the Academy. 
Chairmen of Divisions of the National Research Council. 
Raymund L. Zwemer, Secretary. 


Finance 


W. J. Robbins, Chairman, ex officio, Treasurer of the Academy. 


Alfred N. Richards, ex officio, President of the Academy. 
Detlev W. Bronk, ex officio, Chairman of the National Research Council. 
Vannevar Bush, L. P. Eisenhart, J. C. Hunsaker. 


Financial Advisory 


Lindsay Bradford, Walter S. Gifford, Henry Morgan. 
Horace Ford, Financial Adviser. 


Library 
G. W. Corner, Chairman; Lloyd V. Berkner, Hugh L. Dryden, James L. 
Gamble. 
Standing Committee on Meetings 


F. E. Wright, Chairman (1950); Edwin G. Boring (1951), Ralph E. 
Cleland (1951), John A. Fleming (1950), Harvey Fletcher (1952), Ernest 
W. Goodpasture (1952), Joel H. Hildebrand (1951), Duncan A. Mac- 
Innes (1952), Edwin B. Wilson (1950). 


Advisory Committee on Membership 


Members of the Council of the Academy, Chairmen of Sections of the 
Academy. 
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Publications of the Academy 


Alfred N. Richards, ex officio, President of the Academy; F. E. Wright, 
ex officio, Home Secretary of the Academy; E. G. Conklin. 


Retirement Pension Trust Agreement 


Pension Committee: Alfred N. Richards, President of the Academy 
William J. Robbins, Treasurer of the Academy 
F. E. Wright, Home Secretary of the Academy 
Detlev W. Bronk, Chairman of National Research 
Council 
Trustees: G. D. Meid, Alfred N. Richards. 


Revision of the Constitution 
Edwin B. Wilson, Chairman; Eugene F. DuBois, William J. Robbins. 


Weights, Measures, and Coinage 
Gano Dunn, Chairman; G. P. Baxter, R. W. Wood. 


TRUST FUNDS 
Alexander Dallas Bache Fund 


Researches in physical and natural science. $60,000. 
Board of Directors: Edwin B. Wilson, Chairman; W. J. V. Osterhout, 
Sewall Wright. 


Barnard Medal for Meritorious Service to Science 


Discoveries in physical, or astronomical science or novel application of 
science to purposes beneficial to the human race. (Every five years the 
committee recommends the person whom they consider the most deserving 
of the medal, and upon approval by the Academy, the name of the nominee 
is forwarded to the trustees of Columbia University, who administer the 
Barnard Medal Fund.) 

Committee: Edwin Hubble, Chairman; Bergen Davis, Ernest O. Law- 
rence, V. M. Slipher, W. R. Whitney. 


John J. Carty Fund 


Medal and monetary award, not oftener than once in every two years, to 
an individual for noteworthy and distinguished accomplishment in any 
field of science coming within the scope of the charter of the Academy. 
$25,000. 

Committee: Herbert Gasser, Chairman (1952); Roger Adams (1954), 
Vannevar Bush (1950), Harvey Fletcher (1951), Robert E. Wilson (1953). 
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Cyrus B. Comstock Fund 


Prize awarded every five years for most important discovery or investiga- 
tion in electricity, magnetism, and radiant energy; or to aid worthy in- 
vestigation in those subjects. $15,000. 

Committee: 1. 1. Rabi, Chairman (1952); J. W. Beams (1951), Arthur 
H. Compton (1954), Lee A. DuBridge (1950), Enrico Fermi (1953). 


Henry Draper Fund 


Medal and investigations in astronomical physics. $10,000. 
Committee: 1. S. Bowen, Chairman (1952); W.S. Adams (1950), J. A. 
Fleming (1951), P. W. Merrill (1953), Henry Norris Russell (1954). 


Daniel Giraud Elliot Fund 


Medal and honorarium for most meritorious work in zoology or paleon- 
tology published each year. $8,000. 

Committee: Alexander Wetmore, Chairman (as Secretary, Smithsonian 
Institution); Albert E. Parr (as Scientific Director, American Museum of 
Natural History); Alfred S. Romer (1950), A. H. Sturtevant. 


Wolcott Gibbs Fund 


Chemical research. $10,545.50. 
Board of Directors: G. P. Baxter, Chairman; Roger Adams, C. A. Kraus. 


Benjamin A pthorp Gould Fund 


Researches in astronomy. $30,000. 
Board of Directors: F. R. Moulton, Chairman; W. S. Adams, Joel 
Stebbins. 


Marcellus Hartley Fund 


Medal for eminence in the application of science to the public welfare. 
$1,200. 

Committee: W. V. Houston, Chairman (1950); Isaiah Bowman (1951), 
Oliver E. Buckley (1952), Lee A. DuBridge (1951), H. J. Muller (1950), 
J. R. Oppenheimer (1952). 


Joseph Henry Fund 


To assist meritorious investigators, especially in the direction of original 
research. $47,163.50. 

Committee: W.S. Hunter, Chairman (1950); G. W. Corner (1952), E. 
B. Fred (1953), A. Baird Hastings (1954), Joel H. Hildebrand (1951). 


Marsh Fund 


Original research in the natural sciences. $20,000. 
Committee: Edmund W. Sinnott, Chairman (1950); A. F. Buddington 
(1951), C. S. Marvel (1954), W. M. Stanley (1953), W. H. Taliaferro (1952). 
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Murray Fund 
Agassiz Medal for original contribution in the science of oceanography. 


$10,000. 
Committee: C. S. Piggot, Chairman (1950); Maurice Ewing (1952), W. 
W. Rubey (1951). 


J. Lawrence Smith Fund 


Medal and investigations of meteoric bodies. $10,000. 
Committee: John A. Fleming, Chairman (1952), Harlow Shapley (1953) 
V. M. Slipher (1950), Joel Stebbins (1954), R. J. Trumpler (1951). 


Mary Clark Thompson Fund 


Medal for most important services to geology and paleontology. $10,000. 
Committee: A. F. Buddington, Chairman (1950); Ralph W. Chaney 
(1952), G. G. Simpson (1951). 


Charles Doolittle Walcott Fund 


Medal and honorarium to stimulate research in pre-Cambrian or Cam- 
brian life. $5,000. 

Board of Trustees: Carl O. Dunbar, Chairman; Alexander Wetmore, ex 
officio, Secretary, Smithsonian Institution; Pierre Pruvost, representing 
the Institut de France (1952); C. J. Stubblefield, representing The Royal 
Society of London (1952); John B. Reeside, Jr. 


James Craig Watson Fund 


Medal and the promotion of astronomical research. $25,000. 
Trustees: A. O. Leuschner, Chairman; F. E. Ross, R. J. Trumpler. 
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